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ARITHMETIC OF FUNCTION FIELD UNITS 


BRUNO ANGLES AND FLORIC TAVARES RIBEIRO 


Abstract. We prove a ” discrete analogue” for Taelman’s class modules of 
certain Conjectures formulated by R. Greenberg for cyclotomic fields. 


Contents 

1. Introduction 

2. Stark Units 

2.1. Preliminaries 

2.2. F 9 (z)[ 0]-Drinfeld modules 

2.3. Integrality results 

2.4. The canonical ^-deformation of a Drinfeld module 

2.5. Stark units for Drinfeld modules 

2.6. An example 

3. Deformation of Drinfeld modules over several variable Tate algebras 

3.1. Basic properties 

3.2. Evaluation at z = 1 

3.3. The case of the Carlitz module 

3.4. P-adic P-series 

4. Arithmetic of cyclotomic function fields 

4.1. Dirichlet characters 

4.2. P-adic Dirichlet-Goss P-series 

4.3. The class module of the Pth cyclotomic function field 
References 


56 


1. Introduction 

Let us recall some facts from classical cyclotomic theory (we refer the reader 
to [30], chapters 13 and 15). Let p > 3 be an odd prime number and let A = 
Gal(Q(/i p )/Q). Let M be the projective limit for the norm map of the p-Sylow 
subgroups of the ideal class groups along the cyclotomic Zp-extension of Q(p p ) : 
Q(/Xpoo). Let r = Gal(Q(/z p oo)/Q(/Zp)), and let 7 G T such that: 

VC <E p p oo, 7 (C) = c 1+p - 

We can identify Z p [[r]] with Zp[[T]] by sending 7 to 1 + T. Therefore M is a 
Z p [[T]][A]-module. Let y S A := Hom(A,Z*), and let e x = S 
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Z P [A]. For x € A, we set: 

M x = e x M. 

Then M x is a finitely generated and torsion Z p [[T]]-module. If x is odd distinct from 
the Teichmiiller character : w p , B. Mazur and A. Wiles proved that the characteris¬ 
tic ideal of the Z p [[T]]-module M x is generated by some polynomial P X {T) £ Z p [T] 
such that there exists U X {T) £ Z p [[T]] x with the property ([21]): 

Vy £ Z p , P x ((l +p)y - l)U x ((l+p)y - 1 ) = Lpiy^pX- 1 ), 

where L p (.,w p x _1 ) is the p-adic L-function attached to the even character w p x • 
Observe that if Vandiver’s Conjecture is true for the prime p, then for x odd, M x 
is a cyclic Z p [[T]]-module and for x even: M x = {0}. R. Greenberg has conjectured 
weaker statements (see HU): 

Pseudo-cyclicity Conjecture: If x is odd then there exists an injective morphism of 
Z p [[T]]- m °dules between a cyclic Z p [[T]]-module and M x such that the cokernel of 
this morphism is finite; 

Pseudo-nullity Conjecture: If x is even then M x is finite. 

These two conjectures are open. 


L. Taelman has recently introduced new arithmetic objects associated to Drinfeld 
modules ([26]): class modules and modules of units; in the case of the Carlitz 
module, these latter objects have similar properties to that of the ideal class groups 
and units of number fields (see for example 0 ). While Greenberg’s Conjectures 
are ’’vertical” problems (one fixes a cyclotomic field and study the structures of 
the p-class groups along the cyclotomic Z p -extension), in this article we consider 
analogues of these problems for Taelman’s class modules but in the ’’horizontal” 
case. 

Let F g be a finite field having q elements and let 6 be an indeterminate over Fq. 
Let X : (ja)* ( K ac ) x be a Dirichlet character of conductor / (see section ITT1) . 
where A = Fq[0], and K ac is a fixed algebraic closure of K = F q (9). Let L be the 
/th cyclotomic function field (see [25], chapter 12). Let C be the Carlitz module 
(see [13], chapter 3, and also section I2H1) . Let’s consider the isotypic component of 
Taelman’s class module m > m) attached to the /th cyclotomic function field : 


Hx e x( 


L r 


Ol +exp C (L oo) 


F,(x)), 


where exp c is the Carlitz exponential map ([13]. chapter 3), Ol is the integral 
closure of A in L , F 9 (x) C K ac is the finite extension of F g obtained by adjoining 
to F 9 the values of x, and e x £ F g (x)[Gal(L/AT)] is the usual idempotent associated 
to x (note that / is square free). Then L. Taelman proved that H x is a finite A[x] '■= 
Fq(x)[0]-m°dule (see for example [2B]). In this article, we study the A[x]-nrodule 
structure of H x when x runs through the infinite family of Dirichlet characters of 
a given type (see mi) . 

Let n > 1 be an integer and let ti,... ,t n be n variables over Koo := F 9 ((|)). 
Let T„(A'oo) be the Tate algebra in the variables with coefficients in 

(see m , chapter 3). Let t : T„(/X 00 ) —>■ ^(JXoo) be the continuous morphism of 
Fq[ti,..., f ra ]-algebras such that Mx £ K 00 ,t(x ) = x q . Let 4> : A —> A[ti,... ,tn]{x} 
be the morphism of Fq-algebras such that: 


= ( t n - 9 )t + 9. 
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Let exp^ be the exponential function attached to <f>, i.e. exp^ is the unique element 
in T„(iv 00 ){{r}} such that exp^ = 1 (mod r) and: 

exp 0 0 = <j)g exp 0 . 

Then inspired by Taelman’s work (US], HU, HU), one can introduce a ’’generic 
class module” of level n (see [5]): 

__ Tra(K'oo) _ 

A[ti,... ,t„] + exp 0 (T„(iL oo ))' 

Observe that H n is an A[t \,... , f n ]-module via cj>, furthermore it is a finitely gen¬ 
erated F g [ti,..., f„]-module and a torsion A[t \,..., t n ]-module (we refer the reader 
to section [3] for more details). The terminology ’’generic class module” comes from 
the fact that the evaluations of elements of T„(A'oo) on elements of F g (F g be¬ 
ing the algebraic closure of F g in I\ ac ) induce surjective morphisms from H n to 
isotypic components of Taelman’s class modules associated to Dirichlet characters 
of type n. These generic class modules can be viewed as discrete analogues of the 
Iwasawa modules discussed above, having in mind that the role of Z p is played 
by F g [ii,... ,t n \, the role of T is played by 4>g. For example Mazur-Wiles Theo¬ 
rem has an analogue in this situation, let n > q, n = 1 (mod q — 1 ) (this is the 
analogue of the condition x odd, x 7 ^ w p , for Iwasawa modules), then there exists 
B(ti,..., t n ) G A\t\,... ,t n ) which is a rnonic polynomial in 9, such that the Fitting 
ideal of the A\t \,..., f n ]-module H n is generated by B(ii,..., t n ) and ([5j, Theorem 
7.7): 

( - l)i=TB(ii,..., t n ) n —= L(ti,t n ), 

w(t 1 ) • • -Uj(tn) 

where L(ti,... ,t n ) G T„(A' 00 ) X is the A-series attached to </>/A[ti,..., t n ] (see 
section[3|), and ui(t) is the Anderson-Thakur special function (see [2], and also M)- 
The reader can now easily guess what are the discrete analogues of Greenberg’s 
Conjectures in our situation. We prove these discrete Greenberg’s Conjectures in 
section lT3l which was left as open questions in [Sj, more precisely: 

Pseudo-cyclicity: let n > 2, n = 1 (mod q — 1), there exists an injective morphism 
of A[ti ,..., f n ]-modules between a cyclic A\t \,..., t„]-module and H n such that the 
cokernel of this morphism is a finitely generated and torsion F g [<i,..., t n \-module 
(Theorem 13. 171) : 

Pseudo-nullity: let n > 2, n ^ 1 (mod q — 1), then H n is a finitely generated and 
torsion F g [fi,..., f n ]-module fTheorem l3.10|l . 

By 0, Theorem 13. 101 and Theorem 13. 171 imnlv that there exists F(t\, ■ ■., t n ) G 
F q [ti,..., t n ] \ {0} (depending on the module structure of H n ) such that for every 
Dirichlet character x of type n verifying F(i} 1 ,..., rj n ) ^ 0, then, if n = 1 (mod q — 
1), H x is a cyclic A[x]-module and if n ^ 1 (mod q— 1) we have H x = {0}. 

The paper is organized as follows: in section [2j we introduce a natural sub- 
module of finite index in the module of Taelman’s units associated to a Drinfeld 
module : the module of Stark units; we prove several basic properties of this module 
and study its connection to A-series. In section [3] we show how the constructions 
of section [2] can also be made in the context of deformation of Drinfeld modules 
over Tate algebras; we then study in deep the arithmetic properties of Stark units 
attached to deformations of the Carlitz module and their connections to A-series 
leading to the proof of the discrete Greenberg Conjectures. In the last section, 
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combining the ideas developed in section [2] and section [3] we prove a cyclicity 
result involving the ’’derivatives” of Dirichlet-Goss L-series. 

The authors warmly thank David Goss for fruitful comments on an earlier version 
of this article. 


2. Stark Units 


In this section, we construct a natural submodule of the module of Taelman’s 
units associated to a Drinfeld module defined over the ring of integers of a finite 
extension of K. The ideas developed in this section will be used in section [3] to 
prove the discrete Greenberg Conjectures. 


2.1. Preliminaries. 

Let k be a held and let 0 be an indeterminate over k. We set R = k[6\ and 
K = &((!))• We endow K with the |-adic topology. An element x £ K x is said to 
be rnonic if x = + J2i>m x iW> m £ Z, x z £ k. 

Let M be a finite dimensional fc-vector space which is an I?-module, then there 
exist ri,... ,r n which are monic elements in R such that we have an isomorphism 
of i?-modules: 


n 


m - n 

i=i 


R 

r jR' 


We set: 


[M) r = n • • -r n , 


the monic generator of the Fitting ideal of M. Observe that: 


[M] r = det ((1 <g> W)Id — {9 (g> 1) | M® k k[x]) \x=e ■ 

fc[A'] 

Therefore, if Mi , M, M- 2 are I?-modules such that M is a finite dimensional k- vector 
space, and suppose that we have a short exact sequence of -R-modules: 


0 —>• Mi M M 2 0, 


then: 

[M] r = [Mi] r [M 2 ]r. 


Let V be a hnite dimensional K-vector space. We recall the following basic fact: 

Lemma 2.1. Let M be a sub R-module ofV such that M is discrete in V. Let W 
be the sub K -vector space of V generated by M. Then Ad is a finitely generated and 
free R-module of rank dimK W. 

Proof. Set n = dims W. Choose || • || a norm of K-vector space on W. Since W is 
closed in V, we deduce that M is discrete in W. Thus there exists m £ M\{ 0} such 
that ||m|| is minimal, so that Rm = M PiKto. In particular, when dirng W = 1, then 
M = Rm is free of rank 1. Let M' be the image of M in W/Km. By induction, M' 
is free of rank n—1. Since we have a short exact sequence of torsion-free I?-modules 

0 -)> Rm M M' 0 


we deduce that M is a free .R-module of rank n. 


□ 
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An /^-lattice in V, M, is a sub A-module of V such that M is discrete in V 
and M contains a K-basis of V. In particular, by the above Lemma, M is a free 
i?-module of rank dims V. 

Let M\ and M 2 be two /^-lattices in V. Let n = dimjf V. Following EH, we will 
define [Mi : M 2 ]r £ K x . Select ei,..., e n in Mi and fi,...,f n € M 2 such that: 

Mi = ®] = iRej and M 2 = 

Then, observe that: 

Mi = ®? =1 K ej = ® 7 =1 K fj. 

Let / : V —> V be the K-linear map such that /(e*) = j \, i = 1 ,n. Let B be 
the matrix of / in the basis (ei)j=i n . then B £ GL n (K) and (det B)k x does 
not depend on the choices of and (fi)i=i,...n- Let x £ K x be the monic 

element such that (det B)k x = xk x , then we set: 

[Mi : M 2 ]r = x. 

Observe that [Mi : M 2 ]r is well-defined. 

If M 2 C Mi then ^ is a finite dimensional fc-vector space. Since R is a principal 
ideal domain, there exists an I?-basis (ei,..., e n ) of Mi, n ,..., ry, t monic elements 
in R, t < n, such that if we set /,; = rjej, i = 1,..., t, fi = ei, t + 1 < i < n, then 
(fi ,..., /„) is an .R-basis of M 2 . Thus, we have: 

[Mi : M 2 ]r = 

If M 1 , M 2 , M 3 are three R-lattices in V, then: 

[Mi : M 3 ]r = [Mi : M 2 ]r[M 2 : M 3 ]r. 

Let Mi, M 2 be two R-lattices in V. Let W be a sub K-vector space of V and let 
Ni, N 2 be two R-lattices in W such that: 

MiHW = Ni,i = 1,2. 

Then and are two i?-lattices in ^ and we have: 

Mi M 2 _ [Mi : M 2 ]r 
[ Ab : W R ~ [Ni:N 2 \r' 


Let G be a finite abelian group, we assume that | G | is prime to the characteristic 
of k. Let k be an algebraic closure of k. We set G = Hom(G, k*). For x £ G, let 
Hx) = k{x(g),g£ G) C k, R(x) = Hx)[0], and K(x) = fc(x)((i)). 

For x S G, we set: 

e x = r^T x(g)g~ x e fc(x)[G]. 

' ' <?eG 

We also set: 


[x] = {ip £ G,ip = c to x for some a £ Gal(fc(x)/fc)}, 


e [x] — ^ k[G\. 

be[x] 


and: 
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Let M be a /c[G]-module. Then, for x £ G, we set: 

M (x) = e x (M ® k k(x))- 

We have : 

©tfe[x] M W0 = ( e [x] M ) fc (x)- 

Let / £ R[G\ (~l Frac(i?)[G] x and let pj : R[G] R[G] be the morphism of 
i?-modules given by the multiplication by /. Let det# p/ £ RC I Frac (f?) x be the 
determinant of the matrix of pf with respect to the R -basis given by the elements 
of G, then there exists a unique monic element det# / £ R such that: 

(det f)k x = (det p f )k x . 

ri Jrl 


Observe that det_R / is well-defined. For y £ G, we define /(y) £ i?(y) by the 
equality: 

e x f = f{x) e x- 


We get: 

(det/)fc x =([] /(y))fc x . 
xeG 


Let M be a finite dimensional k -vector space which is an f?[G]-module. Let L/k 
be a finite extension containing fc(y), then [e x (M <S>k L)\l[6] does not depend on L. 
Observe that: 


V<7 £ Gal {k(x)/k),a([M(x)]R( x )) = [M(a o y)] fl(x) . 

We set: 

M«[C] = X] [-^(x)]R(x) e x e -^[G] n Frac(i?)[G] x . 


det[M] fl[G ] - [M(x)] rm = [M] r . 
xe G 

Finally, observe that if Mi, M, M 2 are finite dimensional fc-vector spaces that are 
also i?[G]-modules and such that we have an exact sequence of i?[G]-modules: 

O Mi M —)■ M 2 -> 0, 

then: 

Mr[G] = [^i]r[G][-^2]_R[G]- 


Let V be a finite dimensional K-vector space which is a free K[G]-module. An 
i?[G]-lattice in V, is an A-lattice in V, M, such that M is an i?[G]-module. Observe 
that M is a free i?[G]-module: for y £ G, e^M is a finitely generated e^\R[G\- 
module without torsion and thus a free er x ]7?[G]-module (er x ji?.[G] is a principal 
ideal domain). Let y £ G, then M(y) is an i?(y)-lattice in the finite dimensional 
K(y)-vecto r space V(y). 

Let Mi, M 2 be two i?[G]-lattices in V. Observe that: 

Vcr £ Gal(fc(y)/fc), 0 -([M(y) : M 2 (y)] R(x) ) = [Mi(aoy) : M 2 {a o X )]r( x )- 
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We set: 

[Mi : M- 2 ]r[g] = ^2 : -^ 2 (x)]fi(x) e x e K[G] x . 

X6 G 

We have: 

[Mi : M 2 \r = [Mi (x) : M 2 (x)]r( x )- 

xeG 

Furthermore, if M 2 C Mi, we have: 

Mi 

[Mi : M 2 ] jj[G ] = [j^]r[G\- 

Finally if Mi, M 2 , M 3 are three A[G]-lattices in V, then: 

[Mi : M 3 ] fl [ G ] = [Mi : M 2 ] fi [ G j[M 2 : M 3 ] fl [ G j. 

2.2. F g (z)[0]-Drinfeld modules. 

Let F g be a finite field having q elements and let p be the characteristic of F q . 
Let 9 be an indeterminate over F g and let A = F g [0]. Let A + be the set of monic 
polynomials in A. For n > 0, we denote by A +) „ the set of elements of A + of degree 
n. Let K = F q (0) and A'oo = F 9 ((|)). Let Coo be the completion of a fixed algebraic 
closure of A'oo and let Too : Coo —> Q U {+ 00 } be the valuation on Coo normalized 
such that Voo (9) = — 1. 

Let z be an indeterminate over Coo- We still denote by Too the oo-adic Gauss 
valuation On Coo(z), i.e. if / £ Coo [ 2 ], / = X[fc=0 /n-Z"; fn G Coo, Voo (/) = 
Inf {'Coo ( fk ), k £ {0,..., n}}. Let F be a subfield of Coo containing Koo and complete 
for Voo, we denote by T Z (F) the completion of F[z] for Voo and F the completion 
of F(z) for Voo- Then the F 9 ( 2 )-vector space generated by T~(F) is dense in F. 

Let L/K be a finite extension and let Loo = L Koo- Let Ol be the integral 
closure of A in L. Let S'oo(L) be the set of places of L above 00 . For each v £ Soo(L), 
let i v : L —» Coo be the morphism of iF-algebras corresponding to v, we denote by 
L v the field generated over Koo by i v (L). Let’s set: 

Loo — L ®K L-oo- 

Observe that we have an isomorphism of A'oo-algebras: 

Loo — | | Ly. 

v&S^iL) 

Let r : Loo —> Loo be the continuous morphism of F g (z)-algebras such that Vx £ 
L,t(x ) = x q . Let Ol be the F g ( 2 )-vector space generated by Ol in Loo, and set 
A = V q (z)[0\. 

A Drinfeld A-module defined over Ol, <p, is a morphism of F g (z)-algebras <p : 
A —> Loo{t} such that ipg = 9 (mod r). We denote by the trivial A-Drinfeld 
module, i.e. tpg = 9. 

Let ip be an A-Drinfeld module defined over Ol, then there exists a unique 
element exp v £ L(z){{t}} such that ([9], Proposition 2.3): 

exp^ = 1 (mod r), 
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Let’s set: 

h(<p/o l ) = L °° 

O l + exp ¥ ,(L 00 ) 

Then, by [9], Proposition 2.6, H(p/Ol) is a finite dimensional F g (z)-vector space 
and an ^4-module via p. Furthermore, by [9], Proposition 2.6, exp“ 1 (Oi) is an 
A-lattice in Lao- 

Let be a non zero prime ideal of Ol and let us denote by the F q (z)- 

vector space -S 4 , viewed as an A-module via <p. Then, by !9], Theorem 2.7, the 

- X 

following infinite product converges in Koo ■ 

C( V /Ol):= ft 'f'~ iC. 

^ prime ideal of Ol ,^7^(0) \}P( ^Ol 

Furthermore, we have m , Theorem 2.7): 

(!) £(<p/O l ) = [O l ■ exp- 1 (0 L )] 1 [iL( ¥ j/0 L )] j 4. 

Observe that £(ip°/O l) = 1, exp^o = 1, exp“o (Ol) = Ol, H(p°/Ol) = {0}. 


2.3. Integrality results. 

Let be an A-Drinfeld module defined over Ol such that <pg G Ol[z]{t}. Denote 
by T z (Loo) the closure of Lao[z\ in Lao ■ Then, we have an isomorphism of T^AToo)- 
algebras: 

T z (Loo) ^ n T Z (L V ). 

v&S^iL) 

Observe that r \r z (L ao ) : T z (L oo) —t Tz(Loo) is a continuous morphism of F g [z]- 
algebras. Since exp^ 6 = pg exp v and exp^ = 1 (mod r), we deduce: 

exp^ G T z (L 00 ){{r}}. 


Let’s set: 


H(p/O l [z}) = 


T z (Loa) 

Ol[z\ + exp v ,(T z (L 00 )) ’ 


Let n = diniR' L and let ei,..., e n G Ol such that Ol = ®™ =1 Aa. Then: 


T z (Loo) — ©iLlXz (Koo)Ci- 


Let M = {x G T z (Koo),Voo{x) > 1}, then: 


T z (L 00 ) = 0 L [z]®®UMe i - 

Since, by [9], Proposition 2.3, there exists an integer N > 0 such that exp v induces 
an isomorphism of F g [z]-module on we deduce that H(p/Ol[z]) is a 

finitely generated F g [z]-module. 


Lemma 2.2. 


C(p/0 L )GT z (Kao) x . 
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Proof. Let tp be a non zero prime ideal in Ol. Then we have an isomorphism of 
ri-modules: 


yo L V 

Since [2] is a free F g [.^-module, we deduce that: 


W{~= det r q l*,x\{Xld-<p 0 \x=e£ A[z\. 

VpC'L 


But : 


= dimF9 if = dege ^ A ' 

Therefore Ip( ^q~' )]a a mon i c polynomial in 9 in A[z] having the same degree as 
[^] ^ which is a monic polynomial in A. We get: 

, e 1 + k,[*][[i]]. 
e e 

Since , by Theorem 2.7, the infinite product Tlqj prime ideal of Oz.,«p^(0) 
converges in K^, we deduce that: 

C(v/d L )£l + \v q [z][\±]}. 


[-24,] 

■POf, J 




□ 


Proposition 2.3. 

1) Let U(<p/0 L [z]) = {x £ T z (L 00 ),exp (p (x) £ O l [z]}. Then exp~ 1 (Ol) is the 
F q (z)-vector space generated by U(<p/Ol[z]). 

2) U(ip/Ol[z]) is a finitely generated A[z]-module. 


Proof. 

1) The proof is similar to that of [5], Proposition 5.4. For simplicity let’s denote by 
V the F g (z)-vector space generated by U (ip / O l[z]) . Then clearly V C exp“ 1 (O i ). 
Let At be a suitable neighborhood of zero in such that exp^ : At — > N is an 
isomorphism of F g (^)-vector spaces. Let W be the F g (z)-vector space generated by 
T z (Loo), then: 

LZ = w + N. 

Let / £ exp“ 1 (Oi), then we can write: 

f = g + h,g £W,h £ N. 


Then: 


exp v (h) = exp^g) - exp v {f) £ W n At. 
Therefore h £ W. This implies that / £ V. 
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2) Since exp^(O l) is discrete in , we deduce that U(<p/Ol[z]) is discrete in 
T z (L oc j. Furthermore, the i^oo-vector space generated by exp“ 1 (Oi) is L^, thus 
we can select /i,..., /„ £ U(ip/Ol[z\) such that: 

exp-^Oi) = ®" = 1 A/j, 

lZ = e^FZfi- 

Set N = (B2=i-A[z}fi- Let V be the T,(A' 00 )-module generated by N, then V = 
®" = 1 T z (/\ 00 )/ i . Let W be the T 2 (/\ ^-module generated by U(ip/Ol[z]). Then : 
V C W C T z (Loo). In particular, W is a free T 2 (/\oo)-module of rank n = [L : K], 
Observe that, because of 1), U(ip/Ol[z]) C F q (z)N, that is, if x £ U(ip/Ol[z]), 
then there exists 5 £ F q [z] \ {0} such that 5x £ N. This implies that there exists 
S £ F q [z] \ {0} such that : 

SW C V. 


Thus: 


SU(<p/0 L [z]) C V 0 W q (z)N = N. 

This implies that U(ip/Ol[z]) is a finitely generated A[^]-module. 


□ 


2.4. The canonical z-deformation of a Drinfeld module. 

Let <t >: A —» Ol{t} be a Drinfeld A- module, i.e. it is a morphism of F q -algebras 
such that: 

<j>e = 8 (mod r). 

Let exp^, be the unique element in L{{r}} such that exp^ = 1 (mod r) and: 

ex P^ 0 = <t>e exp 0 . 

Following Taelman ([28]), let’s set: 

H W°l) = n , L °° IT y 
O l + exp 0 (Loo) 

Then H(<P/Ol) is a finite A-module (via (j>). Let’s also set: 

U{<j>/0 L ) = {x £ Loo, exp^(x) £ O l }. 

Then U(4>/Ol) is an A-lattice in and we have (see [271): 

(2) C(<I>/O l ) = {O l : U(<t>/0 L )\ A [H(<f>/0 L )} A , 

where: 


£(<!>/Ol) = 


n 


<P prime ideal of Ol ,*P7^(0) ^P 


a®. e A > 

O l M OO- 


Write: 


4>e = yajT^aj £ 0 L ,j = 0 ,... ,r,a 0 = 8. 
i=o 

The canonical ^-deformation of <fi, 4>, is the A-module defined over Ol given by: 

r 

4>e = £ O l [z]{t}. 

3=0 

Then, one can easily verify that: 

j> o 
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where exp 0 = J2j>o e .? rJ • e j G L, j > 0. 

Proposition 2.4. H(<I>/Ol[z\) is a finitely generated and torsion ¥ q [z\ -module. In 
particular: 

h($/O l ) = { 0 }. 

Proof. By section 1231 H(</>/Ol[z]) is a finitely generated F g [z]-module. Observe 
that, since exp^ = 1 mod 0 : 

T 3 (ioo) = zTfiLcc) + expj(T z (L 00 )). 

Therefore, the multiplication by z on H (<f>/O l[z]) gives rise to an exact sequnece 
of finitely generated F g [z]-modules: 

0 -»■ h($/O l [z])[z] -»• h($/O l [z]) -)■ H($/O l [z]) -»• 0, 

where 

H((j>/0 L [z])[z\ = {z G H (cj) /O L [z\) , zx = 0}. 

This implies that H (ej> / O l[z])[z\ = {0} and that H(<f)/O l[z\) is a torsion F g [^]- 
module. Since the F g (z)-module generated by T z (Loo) is dense in Loo, we deduce 
that the inclusion lb (Loo) C Loo induces an isomorphism of A- modules: 

h WOl[z])[z\ ® f ,[ 2 ] F g (z) ~ H(4>/O l ). 

This implies the second assertion of the Lemma. 

□ 


Remark 2.5. Let <f> be a Drinfeld A-module defined over Ol- Let *p be a non zero 
prime ideal of Ol- If 4>e = 9 (mod <P) then : 

i<K^)U = [^-u = N L/K m, 

where for I ^ {0} an ideal of Ol we set N L / K (I) = We also have: 


Or 


yo L 


)\x = N L/K m, 


In this case, we set: 


fo(z) = 0 . 


Thus we assume that fig ^ 9 (mod tp). Let fi : A yjr{r} be the reduction 
modulo *p of (j>. Set £ = Let P be the monic irreducible element in A such that 
tp fl A = PA. Then: 

N L/K m = p m , 

where dim^ £ = mdeg e P. We have: = £(z). Let’s observe that: 

9 y(z) := \fi>{Z{z))\ A G A[z\. 


Furthermore: 


9 V (0) = P m , 
5<p(l) = [0 (£)]a- 
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Let’s make a simple observation. Let M be a finitely generated and free A- 
module. Let u : M M be an injective morphism of A-modules. Then: 

M 

<d f “ )yl = 

Let’s view £{r} as a left A-module via <f. Then it is a finitely generated and free 
A-module. We have an isomorphism of A-modules: 


£{t} 


^ 0 (£). 


£{r}(r- 1 ) 

Let p : £{t} —> £{r} be the morphism of A-modules given by : 

p(x) = XT. 

Then: 

(det(Id - p))A = [<f>(£)\ A A. 

Let X be a variable, and set: 

F(X) = det ((1 ® X)Id -p® 1 | £{t} 0 F 9 f,[x]) £ A[X]. 

Since isomorphic as an A-module to £, we have: 

F(0)A = P m A. 

Now, observe that we have an isomorphism of A-modules: 

£[ 2 ]{t} 


£[“]{ t }( t — z ) 


- <!>{£[?])■ 


Thus: 


gy(z)A[z] = F(z)A[z). 


Let’s set fsp(z) = P m — g<$(z) € zA[z\. If I is a non zero ideal of Ol , write 
I = n,=i decomposition into prime ideals of Ol, and write: 


fi(z) = HfyA z ) ni €A[z]. 

3 = 1 


Then , we have: 


C(4>/Ol)= E 


m o} 


.Mf) 

n l/k (i) 


£ T AKooY 


In particular: 


c(f/o L ) u=o= 1 

£(HO l )\ z= 1 =C(MOl)= E 




e k x . 
N l/k (I) °° 
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2.5. Stark units for Drinfeld modules. 

Let <j) : A —> Ol{t} be a Drinfeld A-module. Let ev : T z (Loo) —> L be the 
surjective morphism of F g -vector spaces given by V/ £ T z (L oa ),ev(f) = f | 2= i . 
We set: 

UsM/Ol) = ev(U$/0 L [z])). 

We call UsM/Ol) the A-module of Stark units relative to <f and Ol- Since 
ew(exp^) = exp^, Ust^/Oh) is a sub-A-module of U((/>/Ol)- 

Let a : T Z (L^ T z (L ao ) be the morphism of F g [.z]-modules given by: 

exp-rfa;) — expAa;) 

(3) Vx € T z {L 00 ),a{x) =- ± - * £ T,(£„). 

z — 1 

Recall that H(</)/Ol[z}) is an A[z]-module via </>. For / £ A[z ], we set 
H$/0 L [z})[f] ={x€ H$/0 L [z]),fx = 0 }. 


Proposition 2.6. The map a induces an isomorphism of A-modules: 


- u{<t>/o L ) 

rv : - 

UsM/Ol) 


H$IO l [z])[z- 1]. 


Proof. 

Let x £ U(4 >/Ol), then: 


(z - T)a{x) = exp^(a:) - exp 0 (a:) £ O l + exp^(T z (L 00 )). 

Therefore (z — 1 )a(x) = 0 in H (cf / O l[z]) , i.e. the image a(x) in H(</>/Ol[z]) lies 
in H ((j>/ O l[z]){z — 1]. Furthermore: 

\/x £ T Z (L 00 ), a(9x) = <t>g(a(x)) + (y]aj ~ r J ){ex p 0 (aQ), 

j=i Z 

where <fig = a i TJ - a j G Ol- Thus a induces a morphism of A-modules a : 

U(<f>/0 L ) ^ H($/O l [z])[z - 1 ]. 

Let x £ T z (Loo) such that the image of x in H{^>/Ol[z]) lies in H{^)/Ol[z])[z— 1]. 
Then: 

(z- l)x = a + exp^(h),a £ Ol[z\,H £ T z (Loo). 

Write a = b + (z - l)c, b £ Ol,c £ Ol[z\, h = g + (z — l)v, g £ Loo, u £ T 2 (Loo). 
Then: 

0 = b + exp^g). 

Thus: 


b = - exp ^(g) £ O l . 

Thus g £ U((/)/Ol)- We get: 


(z - l)(x - c - exp^(v)) = exp^(g) - exp ^(g) = (z - l)a(g). 


Thus the image of x in H(</>/Ol[z]) is equal to the image of a(g) in H(<f>/O l[z})- 
This implies that a : U((/)/Ol) —> H (<j> / O l[z\)[z — 1 ] is a surjective morphism of 
A-modules. 

Let x £ UsM/Ol)- Then, there exist u £ U{4 >/Ol[z]) and h £ T 2 (Loo) such 
that: 

x = u + (z — 1 )h. 
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We get: 

ex Pj,{ x ) = exp^(w) + (z- 1) exp^(ft). 

Since exp ^(u) £ Ol[z\ and ev(exp^(u)) = exp^(x) £ Ol, we get: 

exp^O) - exp^O) = (exp^(n) - exp^x)) + (z - 1) exp^(h) 
£ {z- \)(O l [z] +exp^(T 2 (L 00 ))), 

i.e. : 

a{x) £ O l [z\ + exp^(T z (L 00 )). 

Thus Us^/Ol) C Kero. 

Now, let x £ U(())/Ol) such that a(x) £ Ol[z] +exp^(T z (L oa )). Then: 
exp^(x) £ O l [z] +expj((z- 
Thus x £ U(4 >/Ol[z}) + (z — 1)T Z (L 00 ). Thus: 

x = ev(x) £ ev{U{4 >/Ol[z})) = U St (cj)/0 L ). 

Therefore Kero = Ust{<f/OL)- 


Theorem 2.7. 


u{4>IQl) 

Ust(4>/OL ) 


is a finite A-module and: 


[HWOl)\a 


U(HOl) 

Ust{(f/0 L ) 


In particular: 


C{4>/Ol) = [Ol : U st WO L )\ A . 


□ 


Proof. 

By Proposition 12.41 H((/)/Ol[z}) is a finite dimensional F 9 -vector space, thus a 
finite A-module (via <fi). In particular H (cf> / O l[z])[z — 1] is a finite A-module. Thus 
Proposition 12.61 implies that Ust’wol) a -^ n ^ e A-module. 

Observe that the map ev induces an exact sequence of A-modules: 

0 —> {z — 1 )H(<f>/O l[z}) —> H((/)/Ol[z]) —> H(())/Ol) —> 0. 

Therefore the multiplication by z— 1 on H(c/)/Ol[z]) gives rise to an exact sequence 
of finite A-modules: 

0 —> H {<f>/ O l[z\)[z — 1 ] —> H(cf/0 L [z]) H (<f>/ O l[z\) —* HI^/Ol) —> 0 . 

This implies that (recall that if 0 —> M -2 -A M\ —> M 3 —> 0 is an exact sequence of 
finite A-modules then [A7 i]a = [M 2 ]a[M 3 ]a): 

[HWO L [z})[z-l]] A = {H(<fi/0 L )} A . 

It remains to apply Proposition 12.61 and formula © ■ □ 


Lemma 2.8. Let (f> be an A-Drinfeld module defined over Ol- Let E/L be a finite 
extension. The inclusion L C E induces a natural injective morphism of K^- 
algebras: l-e/l '■ Loo ^ Eoo- Then: 

1) iE/L{Ust{4>/0 L )) C UsM/Oe)] 

3) U S t{<f/0 E ) O Le/l{Loo) = le/l(LI stff)/O lY), 

3) Tr E , L {U S t{4>/O e )) C UsM/Ol). 
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Proof. Let’s denote the natural morphism of T z (/\oo)-algebras induced by the in¬ 
clusion L C E by i' E j L : T z (Loo) ^ T Z (E 00 ). Then: 

l'b/lMMOlIz])) C U{4>/O e [z]). 

Since evot’ E , L = le/l °ev, we get 1). Let Tte/l ■ E —> L be the trace map relative 
to the extension E/L. Then Tte/l induces a continuous morphism of A'oo-algebras 
still denoted by Tte/l '■ A-oo —> Loo and a continuous morphism of T z (/\ 00 )-algebras 
Tr' E / L : Tg^Eao) —> T z (Loo). Observe that: 

ev o Tr' E/L = Tr E/L o ev. 

For x £ T z (E ao ), we have: 

T r ' E / L(. ex Pf( x )) = ex P fiTr's/Lix))- 
Since Tr' E ^ L (0 e[z\) C Ol[’], we get : 

Tr' E/L (UWO E [z])) C U0/O L [z]). 

Thus we get 3). Now, we observe that: 

Oe[z] O l'e/l^z{Loo)) = I''e/l(^l[z])- 

This is an easy consequence of the following fact: let e \,..., e*,,... e n be a basis of 
E over K where e\, .. ., e*, is a basis of L. Then one can write any x £ E aa in a 
unique way as x = i e » ® ^i with A* £ K^. This implies: 

U{4>/O e [z\) Cl e/l (T z (L 00 )) = l e / l {U{4>/O l [z})). 

Therefore, we get 2). □ 


Corollary 2.9. Let <f> be a Drinfeld A-module defined over Ol- let E/L be a finite 
extension. Then: 

[HWOe)]a 


[H{4>/O l )] a 

Ust(<t>/O e ) 


G A. 


Furthermore — °fL , and — u f:fifX w are two A-lattices in the finite dimen- 

l E/l{Ol) LE/L(UstWO L )) J 

E °° and we have: 


sional K^-vector space 


^E/l(L oo ) 

O e UsM/Oe) 


1 I-E/l{Ol) t'E/L{Ust(<l>/OL)) A £(</>/Ol) 

Proof. By Lemma [2781 l e /l induces an injective morphism of A-modules: 

(4) U(HOl) UWOe) 

1 j UsM/Ol) UsM/OeY 

By Theorem [2771 the above A- modules are finite, thus: 

r U(4>/Oe) i 
\-Ust{<HO E V A A 
r uWQl) i , 
tu^WoTj M 

Applying again Theorem 12.71 we get: 

[HWOe)]a , 

[HWO l )]a ■ 


W/Oe) 
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Furthermore, by ( 0 ), we also have: 

r UWOe) 


m<t>/o E )\ A 

l UsM/o E ) + LE/L(u^/o L )y A [H(<p/o L )] A 


Observe that O e D ts/L (£ 00 ) = i E /l(O l ). Now (0l) 


°fL ^ is an A-lattice in 


E, 


Ust(<fi/ Oe) 


jj, —j. By Lemma 12.81 and Theorem 12.71 we also have that 1S 

. We have: 


l E/L 

an A-lattice in 


ffoe 

l E/l(L oo) * 

Oe 


UsM/Oe) 


L E /l(Ol ) l E /L(Ust{4>/OL)) 
It remains to apply Theorem 12.71 


\A = 


[O.E '■ Ust{<t>/Q E )\A 

[Ol '■ Ust{<!>/O l)\a 


□ 


Lemma 2.10. Let <f> be a Drinfeld A-module defined over OLet E/L be a finite 
Galois extension and let G = Ga \{E/L). Then U{4 >/Oe) and Ust{<t>/OE) are A[G]- 
modules and: 

U{(f/0 E ) G = l e/ l(U(<I>/O l )), 

Ust{<t>/0 E ) G = L E /L{Ust{<t>/OL))- 

Proof. We prove the assertion for Stark units. Observe that exp^ : T Z (E 00 ) —> 

T z (Soo) is a morphism of F q [z][G]-modules. Thus U(C/O e [z]) is an A[z][G]- 
module. Since ev : T Z (E 00 ) —> Eoo is a morphism of A[G]-modules, we deduce 
that Ust{<j>/0 E ) is a A[G]-module. Now, observe that: 

E ^o = tE/LiLoo). 

Therefore, by Lemma T2.81 we get: 

Ust(4>/0 E ) G = Us^/Oe) O L E /l(Loo) = LE/L{Ust{4>/C>L ))■ 

□ 


Proposition 2.11. Let if be a Drinfeld A-module defined over Ol- Let E/L be 
a finite abelian extension of degree prime to the characteristic of¥ q , and let G = 
Gal(2£/L). Then: 


[O e : U(ip/0 E )]^ [G] [H(ip/0 E )]j [Gi = 


r °e_ 1 _ 

J-j- 

prime ideal of Ol , )]jt[Gl 

W{ 0 } ± UE 


e iLoo [G] x . 


Proof. The above result is a consequence of the proof of JTj , Theorem A. We refer 
the reader to EH, 0, 0, [10] , for the background on the class number formula. 
We only give a sketch of the proof. We also suspect that this equivariant formula 
can also be deduced from m, working over F q (,z) instead of working over F q . 

Recall that O e is a free A[G]-module. Set k = F q (;z). Let F/k be the finite 
extension obtained by adjoining to k the elements y(g), Vy £ G,\/g £ G. 

We have an exact sequence of A [G]-modules (the module in the center is a A- 
module via ip): 


O-A 


A' 


U(if/0 E ) 


Eqq 

O e 


H(ip/0 E ) —> 0. 
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Since g °s^ is a divisible A [G]-module and A[G\ is a principal ideal ring, the 
U{ip/Oe) 

above sequence of A[G]-modules splits. We obtain an isomorphism of A[G]-modules: 

7 : E °°~ x H^/O e ) ~ 

U(<p/0 E ) O e 

We still denote by r the continuous morphism of F(z)-algebras: r (g> 1 : E^ ®kF —>■ 
Eoo^kF. Let X £ G, by [7], proof of Theorem A and [9), Proposition 3.7, we deduce 
that 

[ e x(^(+/^E) < 8 >fc F)\ F [ d ][e x (OE ®k F) : e x (U(ip/C>E) < 8 + F')] i q 0 ] 
is equal to 


det (1 + 0 
F{{Z]V 




e x (C>E <8>fc A) 


e x (C>E F) 


) U=e 


where we refer the reader to [9], section 3.1, for the definition of detprr^ii (.), and 
where : 


e = £> - w)e n - Y z n g o L {r}[[z}}. 


n> 1 


Now, observe that c x [Oe <8+ A) is a finitely generated and projective OL-module. 
Therefore, by an adaptation of m , Theorem 3, similar to that made in [9], and 
by E, paragraph 6.4, if we set M = c x (Oe <8+ F), we get: 


det (1 + 0 | Loo( f/ M ) = TT det (1 + 0 

f[{z]] k 1 M Y F[[Z]1 


M 


-l 


M 1 .. 1 F[[Z11 qjM 

where the product is over the maximal ideals of Ol- But observe that: 


M 


n< 4 fV I+e| ™ ) |z -»- > "=n- 


r M 


]f[0] 








[+(<pAf )]f[S] 


Thus, we get the desired equivariant formula. The reader will notice that the above 
reasoning works also for Drinfeld A-modules leading to Fang’s relative equivariant 
class number formula m, Theorem 1.13) . □ 


Corollary 2.12. Let <j> be a Drinfeld A-module defined over Ol ■ Let E/L be a finite 
abelian extension of degree prime to the characteristic of F q , and let G = Gal(E/L). 
Then: 

[ ustml) ]AlG] = ^i° e Mgy 

We also have: 


[O e : Ust{<fi/0 E )\A[G\ = 

*}3 prime ideal of Ol$ 3^-fO} 


[yoLJ^lG] 


£ Kao [G] x . 


Proof. By Lemma 12.101 we have that U((/)/Oe) and Ust(fi/OE) are A[G]-lattices 
in Eoo. Now, observe that the map a of Proposition 12.61 induces an isomorphism of 
A[G]-modules: 


UWOe) 

UsM/Oe) 


H{4>/O e [z])[z - 1 ]. 
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Thus, using similar arguments as that used in the proof of Theorem 12. 71 we get the 
first assertion. The second assertion is a consequence of the first assertion and m, 
Theorem 1.13 (see also the proof of Proposition 12. 111) . □ 

Let 0 be a Drinfeld A- module defined over Ol- Let P be a monic irreducible 
element in A, and let ... ,fpt be the distinct maximal ideals of Ol above P. 
Write POl = ^i 1 ■ • • 'P®*. Then we have an exact sequence of A- modules: 

n TT "Pi tt Ol „ 

11 PDr 11 


PO L 


% 


j =i ^ i=i 

Now, observe that Vn > 1, for j = 1,..., t, r(*}3”) C fp” +1 . This implies: 


'(por)P 


n 

3 = 1 


[Oil 




Therefore: 


w/ol )=n 


\-Ql_ 1 

LpoJ 


WpOr. 


P L v-vpopdA 

where P runs through the monic irreducible elements in A. Now let E/L be a 
finite abelian extension of degree prime to the characteristic of F g . Then, the above 
discussion implies: 

rJ2£L 7 U[G] tt [lj§feU[G] 

Or 


CW(O e /O l ),G):= [] 

ip prime ideal of Oi,*P^{0} 


opo E J 

O 


n 


[ < HqJol)U[G] p i&ipct'lUiG] 


Let P be a monic irreducible element in A, since Oe is a free A[G]-module, we 
have: 


l PO E 1 


m 


Oe 


po E r ‘ A '‘ G ' = 4shl ilsZ)U - 


1 l^^@ F F,[Z]1 Z=0 ' 


PO E 


PO L [z] 


}A[z 


If (j) is the canonical ^-deformation of </>, then: 

Ql [ 

£{4>/Ol ) = n r ,/ OlW Nl 

P ^(porrt)J^M 

where, for P a monic irreducible prime of A, we have: 




)z=6- 


And also: 

CW(Oe/O l ),G) := 


n 

prime ideal of Oi,,^3^(0} 


[ Ofl_ 1 - 
I J30eWO] 


r_Osb]_ 

IpOeW 


U[z][G] 


where, for a monic irreducible element P of A, we have: 


11 r TV Oe[z] \i 
P inpo^)\A[z)[G] 


[£^}a 1z]IG] = P [L/K] 1g, 
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O e [z] 


1 I o E [z] ^ VJ7] )z=e- 


w po33 )1a m[° 1 = F,g,z] ((1 ® z)Id “ ‘ 

In particular, since C(<I>/(Oe/Ol),G) converges in K^G], we get that: 

CW(Pe/O l ),G) G (T 2 (if 00 )[G]) x . 


Theorem 2.13. Let <f> be a Drinfeld A-module defined over A. Let E/K be a finite 
abelian extension of degree prime to the characteristic of F ? . Let G = Ga\(E/K). 
Then: ~ 

C($/(O e /A),G) O e [z] = U(<f/0 E [z]). 

In particular: 

U S t((f/OE) = C(<j>/(0 E /A),G) O e . 

Proof. Since O e is a free A[G]-module of rank one, we observe that Oe is a free 
A[G]-module of rank one. It is also the case for U((/)/Oe)- Write: 

Oe = A[G]r), 

for some rj G 0_e, and: 

Uff/Os) = A[G]e, 

for some e G U(<j>/0 E [z]) (we can find such an element by Proposition [273]) . Then: 

EZ = K^o[G]ri = KZ[G]e. 

This implies that there exists / G (if 00 [G]) x such that: 

£ = fi1- 

We have: 

T z (E 00 )=T z (K 00 )[G\r l . 

Thus / G T 2 (.K' 00 )[G]. Furthermore, by Proposition 12. Ill we have: 

C($/(0 E /A),G) = 6f , 

for some S G (F,j(z)[G]) x . But we have that C(4>/(Oe/A),G) G (T 2 () [G] ) x . 
This implies that x := ^ G F 9 [^][G]. We get: 

exp^(e) G xT z (E oa ) n O e [z] = xO E [z\. 

The above equality conies from the fact that ccT 2 (/i 00 )[G] D T[z][G] = a;A[z][G]. 
Set: 

u = — s = 5s G U(c/>/Oe), 
x 

then: 

exp^(u) G O e [z\. 

We have: 

u = £(</»/(O b /2), G)r, G T z (Eoo). 

Thus: 

u G U{(j)/O E {z\)■ 

Therefore: 

C{4>/{Oe/A),G)O e [z] = A[z\[G]u C U($/O e [z]). 

This also implies that: 


T z (E 00 ) = T z (K 00 )[G}u. 
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Now, let to £ U(4>/Oe[ z]). Since U(4>/Oe) = A[G]u, by Proposition 12.31 there 
exists x £ F g [z] \ {0} such that xm £ A[z][G]u. But : 

A[z][G\ n a;T z (i^ 00 )[G] = xA[z)[G\. 

Thus m £ A[z][G]u. Therefore : 

U($/O e [z]) = A[z] [G]u = C$/{Oe/A),G)O e [z\. 

□ 


2.6. An example. 

Let C : A —> A{t} be the Drinfeld A-module defined over A given by: 

Ce = zt + 9. 


Then: 

ex P<5 = E J^ tJ G 
j> o J 

where D 0 = 1, and for i > 1, Di = (9 q ' — 9)D q _ 1 . 

Let L/K be a finite extension and let E/L be a finite abelian extension of degree 
prime to the characteristic of F g . Let G = Gal(i?/L). Let <p be a maximal ideal of 
Ol■ Let G'tp C G be the decomposition group of 'P in E/L. Fix 9# a maximal ideal 
of Oe above ip. Le Jtp be the inertia group of 'P in E/L , and let’s define: 

^ = rriT, SG¥q ^ 

I % i 

where the sum is over the elements S £ G<p such that the image of S in -j£- is the 
Frobenius of the extension / ^ • 

Lemma 2.14. Let *p be a non zero prime ideal of Ol and let P be the prime of A 
such that PA = <p fl A. Write \^-]a = P m , to > 1. Then: 


r Oe 

[ We 


1 A[G] 


= P m l G , 


\- C ^MG ] = Pmi C- zmdeg6P ^- 

Pg'e 

Furthermore, if *P is unramified in E, then we have an isomorphism of A[G]- 
modules: _ 

g, „_ A[G\ 

«P O e (P m l G - z mAe ^ p a v )A[G] 


Proof. The computation of equivariant Fitting ideals can be done by an adaptation 
of the results in m. section 6. However, we present here an alternative proof. Fix 
a maximal ideal of Oe above *P and let e be the ramification index of 9Jl/ip.Then 
we have an isomorphism of A[G]-modules: 

Observe that we have an isomorphism of A-modules: 

O e — O e [z\ ®f,[*j F g (z). 
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Therefore, we have an isomorphism of d-modules: 

5^ ~§F W 

Now, by [21], ^[z] is a free ^p[z][G<p]-module. Thus: 

r Oe i 


JA[G] 


= P m 1g- 


We observe that: 
where d = deggP. Set: 


yo E 

Cp = Z d T d (mod PA{t}), 

Gqj 


G<p = 




The natural morphism G< p —> G<p induces a surjective morphism of F g -algebras 
F 9 [G<p] —>■ F g [G<p]. If x E F g [G«p], we denote its image in F 9 [G<p] by x. We have : 

(C pm - z dm ay)(-^) = { 0 }. 


9JIO e 


Furthermore, observe that: 


{x E 


Oe 

WOe 


,t(x) =x}= F g (z). 


Since ---• is a free u i- [Gml-modulc of rank one and md = dimp U F , by an 

mo B q 30 i L ^ <$o L 

adaptation to our case of the proof of [5], Lemma 5.7, and the proof of [5], Lemma 
5.8, we deduce that there exists a finite extension F/¥ q (simply take the finite 
extension of F g obtained by adjoining the values of the characters of G<p) such that 
we have an isomorphism of A[G<p] F’-modules: 


G(-^ 


F ~ 


-4[G«p] F 


'OJIOe' ((P™!^-z dm a^)® l)A[G<p] 

Therefore, we have an isomorphism of A[G'<p]-modules: 

g/ °e^ \ _ 

mO E ~ (P m 1^- - z dm a^)A[G^]' 

This implies that we have an isomorphism of A[G<p]-modules: 

A[G«p] 


F 


o(As^) cs 


MO E (1g, + ( P m - 1 )u - z dm a v )A[G v \ 
where u = ^ e F g [/<p]. Since, for n > 1, r(idl n ) C 9Jt" +1 , we have: 


1 C( jl ~ 


‘OJIOe 

Woe 


\A[G<$] ‘ 


L r> yy lAfGml — ^ G v + ( pm 


mo E 


Now, observe that: 
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and: 


Thus: 


= pmi ° '• - ^ 


But we have an isomorphism of A[G]-modules: 




We have: 


Thus: 


-Or 

[C(—fL)\r, G] = det ((! ® z ) ld ~Ce®l 

‘POe 1 1 F,[G][Z,z] VV 


Oe 




R iS^ = 'A] ((18Z),d “ M1| =s 






)z =0 ® 1 g- 


□ 


If / is a non-zero ideal of Ol, recall that we have set: 

n l/k(I ) = [- pU - 

Write J = • • • ,its decomposition into maximal ideals of Ol, we set: 

t 

G/=n <4 e w 

j=i 


By the above Lemma, we get: 


C{C/{O e /O l ),G) 


E 

/ ideal of Ol ,/^(0) 


z de Se N L/K(I) ai 

N L/K (I) 


£(T,(K 00 )[G))*. 


Let G be the Carlitz module, i.e. G : A —> A{t} is the morphism of F 9 -algebras 
given by: 


c e = T + e. 


Then Theorem 12.131 implies Anderson’s log-algebraicity Theorem ([T], see also [5], 
0 )- More precisely we have: 


Corollary 2.15. Let L /K be a finite extension and let m > 1 be an integer. Let 
x £ Loo , and set: 

l m {x)= V ^E deg ‘° e LM). 

q£A + a 

If (-mix) converges inY z (L 00 ), then: 


exp 5 (£ m (x)) £ A[z][x\ C T z (Loo)- 

In that case: 


ev(exp G (£ m (x))) = exp c (ev(£ m (x))) eA[i]c L, 
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Proof. Let P be a monic irreducible element in A and let M be the Pth cyclotomic 
function field ([25], chapter 12). Recall that M/K is a finite abelian extension of 
degree q d — 1 where d = deg g P. Select Ap £ M x such that Cp(Ap) = 0. Then 
( [25] . Proposition 12.9): 

O m = A[A P ]. 

Furthermore, for a £ A \ PA, we have ([25], Theorem 12.10): 

CTaA(Ap) = C a (Ap). 


Also observe, that : 


<Jpa = - E 

g&G 


where G = Gal(M/ K). For a £ A + , we set: 


&a — &aA- 


We get: 


C(C/(Om/A),G) = ( ]T ^V^)(i + ^ E ^ Gg r 1 . 


aGA + \PA + 


p 


Let n £ {1,..., q d — 2}, then : 


z d y' Q 

(!+ )X n p = \ n P . 


Therefore, for n £ {1,..., q d — 2}, by Theorem l2.13l we have: 

_ _. ______ C* ( \ \ n a ~ 

C(C/(O m /A), G)Xp = J2 P “ - £U(C/O m [z}). 


aG A_|_ 

This implies that, for n £ {1,..., q d — 2}, we have: 

{Ca{Xp) n Y 


Vm ^°, E E 


a q 


£ A[Ap]. 


i-\-j=m a£A. 

Now, let X be an undeterminate over K. Let r : K\X] -A K[X] be the morphism 
of F g -algebras such that Mx £ K[X],t(x) = x q . Let n > 1, and set: 


Mm > 0, f m {X) = E jy E 

i-\-j=m 1 a£A+ t 


(C a pQ"K 

a qi 


£ K[X}. 


Fix an integer to > 0. Then, for all irreducible monic polynomials P in A : 

fm(Xp) £ A[Ap]. 

This easily implies that: 

fm(X) £ A[X], 

We have: 

/ C a (X) n Z degea t tv\ m 

ex Pc( ---) = fm( X )z ■ 

a£A+ m> 0 

Therefore, for all n > 1 : 

ex p g ( £ EiEE!fil) e X n A[X][[z]]. 

Cl 

a£A .(_ 












24 


BRUNO ANGLES AND FLORIC TAVARES RIBEIRO 


Now, we work in T z (Coo)- Fix an integer n > 1. Then if A is a torsion point of the 
Carlitz module: 

4(A) e Tj, (Cqo). 

Observe that, for all a G A +1 we have: 

Wo(C Q (A)) > 


Thus there exist x\ G T z (Coo) and y(X) G i\[A'][z] which does not depend on A, 
such that : 

Voo(x\) > 1 , 


and: 

expg(4(A)) = x\ + y \ x =\ ■ 

Thus, we have: 

Mm > 4(n), VA, Doc (fm (A)) > 1, 

where C[n) is a constant depending only on n. But, since for all m > 0 f m (X) G 
A[X], we get: 

Mm > C(n), fm(X) = 0. 


□ 


3. Deformation of Drinfeld modules over several variable Tate 

ALGEBRAS 

The notion of deformation of a Drinfeld module over Tate algebras as introduced 
in section CO has its roots in a remarkable formula obtained by F. Pellarin in 
1231 . This formula links a certain one variable A-series to Anderson-Thakur special 
function. This formula was fully understood when F. Pellarin and the authors 
(0) found a connection with Taelman’s work (EZl). In this section, we show how 
the ideas developed in section [2] can be extended to the situation of deformations 
of Drinfeld modules and we will study in details the case of the Carlitz module 
leading to the proof of the discrete Greenberg Conjectures. In the last section, we 
will construct P-adic A-series attached to deformations of Drinfeld modules. 

3.1. Basic properties. 

We fix some notation. Let n > 0 be a fixed integer and let ti,... ,t„, z be 
n+ 1 indeterminates over K^. We set k = F 9 (fi,... ,t n ), A = k[6\, A = k(z)[9], 
Koo = fc((|)), Koo = k(z)((g)). We denote by Voo the normalized |-adic valuation 
on Kcc. Let T„, z (A'oo) be the closure of K 00 [t\ 1 ..., t n ,z] in Koo, and TT^/ioc) the 
closure of A4 [A i • ■ • ,4] in Koo- Let r : Koo —> Koc be the continuous morphism 
of fc(z)-algebras given by t(9 ) = 9 q . Finally, we set bo{z) = 1 , and for m > 1 , 

bm(z)=Tl7=O 1 (z- 0g3 )- 

Let (j> : A —>• A{t} be a Drinfeld A-module defined over A 1 and write: 

r 

4>g = ajT\ ao = 9 , ctj G A, a r ^ 0, r > 1. 

3=0 
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Let ip : A —> A{t} be the morphism of fc-algebras given by: 


Pe = ^ajbjjtj) ■ ■ ■ bj(t n )T J . 

3 = o 

We call p the canonical deformation of cf> over the Tate algebra T„(A' 00 ). 

There exists a unique element exp v G Koo{{t}} such that exp^ = 1 (mod r) 
and: 

exp v 0 = p e exp^ . 

If we write exp^ = Y2j>o e t r ' 7 > we S e L 


exp. 




)ejT J . 


3> 0 


Observe that by [5], Proposition 2.3, exp^ converges on Koo and furthermore 
exp v (T„(A" 00 )) c T n (A' 00 ). Let’s set: 

U(p/A) = {a; G IKoo, exp ^,(x ) G A}. 

Then, by [9], Proposition 2.6, U(p/A) is a A-lattice in K^, thus a free A-module 
of rank one. Let’s also set: 

H ^ /A) = A + exp^K^)' 

Then, by 0, Proposition 2.6, H(p/A) is a finite dimensional fc-vector space and 
also a A-module via p. By [9], Theorem 2.7, the following infinite product converges 
in Koo : 


C(p/A) := 


iPAJ- eK x 


P [v?(pa)]a 

where the product is over the nronic irreducible polynomials in A. Since pe G 
A[ti ,..., t n ]{r}, we deduce that in fact: 

C(p/A) G T„(Aoo) x . 

We have the following result (0, theorem 2.7): 

(5) C(p/A)A = [H(p/A)\ A U(p/A) 

Let’s set: 


U{p/A[t 1 ,.. .An}) = {x G T„(A'oo),exp v ,(a;) G A[ti,.. -An]}- 

Lemma 3.1. We have that [H(ip/ A)]a G A[t\,...An], and: 

[H(p/A)\tJJ(p/A[ti,... ,t n ]) = £(tp/A)A[t 1 ,..., t n ). 

Proof. By a similar argument to that used in the proof of Proposition 12.31 we 
have that U{p/ A) if equal to the fc-vector space spanned by U(p/A[ti,... An})- 
Recall that T„(AToo) is a unique factorization domain ([12], chapter 3). Now, select 
£ G U(<p/A[ti,... An ]) such that: 

U(p/ A) = Ae. 

Observe that for <5 G F g [fi,..., t n ] \ {0}, we have: 

A[ti,... An] n <5T„(A"oo) = 5A[ti,.. .An}- 
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This implies that we can assume that £ is a primitive element in T n (/\oo), i.e. the 
elements of F g [ti,..., t n ] \ {0} that divides e in T„(/voo) are only the elements in 
F x . Then by formula ([5]), there exists x £ k x such that: 

C(y/h) = [H{f/A)\ k xe. 

But C(f/ A) £ T„(A' 00 ) X and e is primitive, since [/f(y>/A)]A is monic, this implies 
that [H(ip/ A)]a S A[ti,...,t n ], £ £ T„(A' 00 ) X , and: 

£(v>/A) = A[i%/A)] A e, 

for some A £ F x . Now let m £ U(f/A[t i,..., t n ]). By formula (J5]), there exists x £ 
F g [ti,... ,t n ] \ {0} such that x[H(ip/A)]&m £ A[t \,..., t n ]£(f/ A). But C(f/ A) £ 
T„(A' 00 ) X and T n (Aoo) is a unique factorization domain, thus [H{f/ A)]pjn £ 
A[h,... ,t n ]C(f/A). □ 


Let’s set: 


H{f/A[t 1 ,...,t n \) 


_Tn(A'oc)_ 

A[ti,...,t n ] + exp v (T„(A" 00 ) ’ 


We observe that there exists an integer N > 1 such that exp^ induces a bi- 
jective morphism of F g [ti,... , f n ]-modules on -^j-F g [ti,... , £n][[o]]- Since we have 
Ifn (ATqo) = A[t!,...,tn] © iF g [ti,... ,t„][[A]], we deduce that H(ip/A[ti,... ,t„]) 
is a finitely generated F g [fi,..., t„]-module and also an A[ti, ..., t„]-module via 
f. Furthermore, the k -vector space spanned by T n (A' oc ) is dense in Koo, thus the 
natural inclusion T„(AT oc ) C Koo induces an isomorphism of A-modules: 


(6) H(f/A[t 1 ,...,t n ]) k ~ H(f/A). 

However, note that the map H(f/A[ti ,..., t n }) —> H{f/A) induced by the inclusion 
T„(A' 00 ) C Koo is not injective in general. 


Let f be the canonical ^-deformation of f, i.e. : f : A —> A{r} is the morphism 
of fc(z)-algebras given by: 

r 

f9=Y^ a A(*l) • • • l>,it n ):: J r l . 

3 =0 

There exists a unique element exp^ £ Kooljr}} such that exp^ = 1 (mod t ) and: 

exp^ 6 = f 8 exp^. 

We have: 

ex P^ = ''' bj{t n )ejZ 3 T 3 . 

j> o 

By®, Proposition 2.3, exp^ converges on Koo and furthermore exp^(T n . z (A' 00 )) C 
Tn AKoo)- Let’s set: 

U(f/A) = {x £ K 00 ,exp ? (a;) £ A}. 

Then, by Proposition 2.6, U(f/A) is an A-lattice in K^,. Let’s also set: 

H{f/A) = = - K °° - ■ 

A + exp^QKoo) 
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Then, by [9j, Proposition 2.6, H(tp/ A) is a finite dimensional fc(,z)-vector space. By 
[9], Theorem 2.7, the following infinite product converges in Koo : 

A?/A) 

P [^(pa)]a 

where the product is over the monic irreducible polynomials in A. Since tpg G 
A\t \,..., t n , 2 ]{t}, we have: 

C{lp/A) G T n , 2 (/v 00 ) x . 

We have the following formula m, theorem 2.7): 

(7) £($/ A)A = [H(tp/A)]~ A U(tp/A) 

Let’s set: 


U{ip/A[tt n ,z\) = {a; G T n)Z (if 00 ),exps(a:) G A[t u ..., t n , z}}, 


and: 


H(<p/A[ti,...,t n ,z}) = 


T n ,z( K °°) 


A[h, ...,t„,z] + exp^(T„ )Z (iL 00 ))' 

As for <p, H(<p/A[ti ,..., t n z]) is a finitely generated F g [fi,..., t n , z]-module and the 
inclusion T n<z (Koo) C induces an isomorphism of A-modules: 

H($/A[t i,.. .,t n z\) k{z) ~ H(tp/A). 

Proposition 3.2. We have: 

H&/A) = {0}. 

Furthermore: 

U (ip/A[ti,. ■ ■ , tn, z]) = £(<p/A)A[ti, ...,tn,z\. 


Proof. The proof of the first assertion is similar to that of Proposition ^. 41 For the 
convenience of the reader, we give its proof. 

We have: 

TnAKoo) = T„(A^) © zTnAKoo). 

Since Va; G T„ i2: (.££„), exp~(a;) = x \ z —o (mod zT n ^ z {K Too)), we deduce that the 
multiplication by z gives rise to an exact sequence of A\t \,..., t n , z]-modules: 

0 —> M —» H(tp/A[ti,... ,t n , z ]) —> H{ip/A\t \,..., t n , z\) —> 0, 

where M = {x £ H{^/A\ti,... ,t n , z]),zx = 0}. 

This implies that H(lp/A[t i,... ,t n , z]) k is a finitely generated and tor¬ 

sion k[z) -module. Thus we get the desired assertion. 

We deduce the second assertion by formula © and a similar proof to that of 
Lemma E© □ 


We set: 

(8) u^{t i, ...,t n ]z) = exp-(£(£>/A)) G A[t u ...,t n ,z}. 

Since exp^ : T n , z (K 0Q ) -> T n>z (Koo) is an injective morphism of ¥ q [ti,... ,t n , z]- 
modules, we have that: 

i, ..., t n 5 z ) ^ 0. 




28 


BRUNO ANGLES AND FLORIC TAVARES RIBEIRO 


Remark 3.3. Select it a period of the Carlitz module (well-defined modulo F* ). 
Let h £ {0,..., q — 2} such that h = n (mod q — 1). Observe that ir h K oo is an 
A-module via and that exp^firr 11 Koo) C TT h Koo. Therefore if exp^ is not injective 
on TT h Kqq , there exists £ tt^A'oo \ { 0 } such that: 

Ker(exp0 : rr h I<^ -A tt'OC^) = Att^^. 

Now observe that: 

co(ti) ■ ■ ■ uj(t n ) 


£ Tn^oo), 


where for j = 1,..., n, we have set: 


uj(tj) =exp c (^) na T^r) 1 G 7 tT„(/v 00 ) x . 


fe >0 




Furthermore, for f G TV^AAx,), we have: 

u(ti) ■ ■ ■ u(t n ) exp v (f) = exp^(w(fi) • • • uj(t n )f). 

Therefore, exp^ is injective on T^A^oo) if and only if exp^ is injective on t^AA*,. 
Otherwise : 


Ker(exp : T^AT,*,) -A T„(A'oo)) = A[t u ... ,t n \ 


Tt<t>,h 


u){h) ■ ■ - uj(t n )' 


We assume now that exp is not injective on T^A^o). Observe that: 


7T (f),h 


G T n (K a 


u(ti) ■ ■ ■ u(t n ) 

By similar arguments than those used in the proof of Lemma Iff. A we deduce that 
there exists a £ A[t\,... ,t n \ which is monic as a polynomial in 9 such that: 


U{ip/A[t!,.. .,t n ]) = A[ti,... ,t n ] 


aui(ti) ■ ■ • w(t„) 


Therefore, there exists A G F* such that: 


C(ip/A) 


= A- 


4>,h 


[R(^/A)] a aw(fi) • • • w(f n )' 

3.2. Evaluation at z = 1. 

We keep the hypothesis and notation of section [3TT1 Let’s consider the continuous 
morphism of F g [fi,..., t„]-algebras ev : T„ >Z (A' 00 ) ->■ T„(A'oo) given by: 

V/ G ’T„, z (A' <x ,),en(/) = f | 2= i . 

Then: 

Keren = (z - 1)T„ ) ,(AT 00 ). 

Furthermore, for / G T„ iZ (AT 00 ), we have: 

en(exp~(/)) = exp v (ev(f)), 
ev(&e{f)) = (pe(ev(f)). 

This implies that ev gives rise to an isomorphism of A]t \,..., f„]-modules: 
H(<p/A[ti,... ,t n ,z]) 


Let’s set: 


, -writ-nu f n -H{<p/A[t i,...,t n ]). 
[z- V)H(ip/A[t 1 ,...,t n ,z\) 

Ust(<p/A[ti,... ,t n ]) = ev(U(ip/A[ti,...,t„,z])). 
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Clearly Ust{y>/A\t \,..., t n \) is a sub-A[fi,..., f n ]-module of U(ip/A[ti ,..., t n \), and 
by Proposition 13.21 we have: 

U S t(p/A[t i,..., t n }) = C{ip/A)A[t 1 , . . . , t„]. 

In particular, by Lemma 13.II we have an isomorphism of A[ti ,..., f ra ]-modules: 

U(‘p/A[t 1 ,...,t n }) _ A[t ll ...,t n \ 

U St {ip/A[ti,...,t n ]) _ [H((p/A)] A A[ti, • • • ,t n ]' 

Let a : T n z (i0>o) —t T nz (-Koo ) be the morphism of F g [fi,..., t n , z]-modules given 
by: 

ex P^(/) - ex Pifi(f) 


(9) 

Let’s set: 


Vf€T n>z (K 00 ),a(f) = 


z-1 


H(ip/A[t i, .. ,,t n ,z])[z - 1] = {x e H(ip/A[ti,... ,tn,z ]), (z - l)x = 0}. 
Observe that H(ip/A[ti ,..., t n , z])[z — 1] is an A\t\, ..., f„]-module via tp. 
Proposition 3.4. The map a induces an isomorphism of A[t ±,... ,t n ]-modules: 
U(<p/A[ti,... ,t n ]) 


Ust(<p/A[ti,.. .,t n ]) 


- H{p/A[ti,... z]){z - 1]. 


Proof. The above result can be proved along the same lines as that of the proof of 
Proposition [THl For the convenience of the reader, we give a proof. The map exp- 
induces the exact sequence of A[ti,... ,t n , z]-modules : 


where 
Mi := 


0 —► Mi —»• M 2 —t M 3 -a 0. 
TnAKco) _ fl/f _ T n ,z{Ko> 


Mo := 


U{(p/A[ti,...,t n ,z])' A[ti,...,t n ,z\ 

Thus, by the snake Lemma, we get a long exact sequence: 

0 —t Mi [z-1] —t M 2 [z - 1] —t M 3 [z - 1] 

Mi A/ 2 M3 


; M 3 := H(ip/A[ti,...,t n ,z}). 


0. 


(z - l)Mi (z - 1)M 2 (z - 1 )M 3 
Now, we observe that the map ev induces isomorphisms of A[t\, ..., t„]-modules: 

Ml _ TnjKoc) 

(z — l)Mi Ust{v/A[t\,... ,t n \y 

M 2 TnjKoc) 

(z - 1 )M 2 _ A[ti,... ,t n \ ’ 

M 3 


- M(^/A[ti,... ,t„]). 


(z - 1 )M 3 

Observe also that: 

0 - 1)T„ !Z (A' 00 ) 0 A[ti, ... ,t n ,z] = (z - l)A[ti, ... ,t n ,z]. 


Therefore: 


M 2 [z — 1] = {0}. 
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Let 5 : Ms[z— 1] —> be the map given by the snake Lemma. Let x G AI 3 [z — 

1] and select y G T„ )Z (/Loo) such that x = y (mod A[ti ,..., t n , 2 ]+exp 1? (T„ i , z (A 00 )). 
Then: 

(z - 1 )y = exp^(m) + h, 
where m € Tn^Aoo) and h G A\t \,..., t n , z ]. We get: 

5{x) = m (mod (z - l)T„ i . 2 (A' 00 ) + U^/A ^,..., t n , z])). 

But we have: 

ev((z — 1 )y) = exp v (ev(m)) + ev(h) = 0. 

Thus /3 = ev{m) G U(ip/A[ti,... ,t n ]). Thus: 

S(x) =/3 (mod (z- l)T n A K oo) + U(ft/A[ti,... ,t n , z])). 
Furthermore: 

(2-1)?/ = exp ? (/3)-ex P¥ ,(/3) (mod ( 2 -I) exp^T^^A^+^-l)^!,..., t n , 2 ]), 
and therefore: 


a(/3) = x (mod exp 1? (T„ >z (A' 00 )) + A[t% 1 ■ • ■) t n , 2 ]). 


Therefore, we get an exact sequence of A\t\, ..., t„]-modules: 


0 


H(ip/A[tt n ,z])[z-l] 

_^ T n (K<x>) 

A[t \,... ,t n ] 


Tn(goo) _^ 

Ust{<P/A[tl,...,t n ]) > 

H{ip/A[tu---,t n \) —t 0, 


where the exact sequence Ust (^/A[tu~;t n ]) H A/ A i t i, ■■■, t „]) ->• 0 is 

induced by exp v , and where the map H{ip/A[ti, z))[z- 1] ->• t/ st (J/|f 1 7. ) .,«„]) 

sends x G H{g>/A{t \,..., t n , z])[z — 1] to /3 for some /? G U(<p/A[ti ,..., t n ]) such 
that a (/3) = x (mod T n AKoo) + A\t\, • • •, t n , 2 ]). □ 


Let : T„ ) 2(AT 00 ){{t}} T„ iZ (A: oo ){{t}} be the map defined by: 

fiT = ^ Tz^ fi)Tl ' fi e Tn,z ’ 

£>0 £>0 

where ^(E»>o x i zl ) = Ei>i ^ G T^A^). We set: 

(10) expW = jbjih) ■ ■ ■ bjit^ejT 3 . 

i> 1 


Corollary 3.5. 


The map exp^ 1 -* 


induces a morphism of A[ti ,..., t n \-modules: 


u{v/A[t 

Ust{wlA[t-L, . . . ,t n ]) 


t H(<p/A[t u ..., t n }). 


Let {ip/A\t 1 ,... ,f n ]) &e the image of the above map. The kernel of the above 

map is isomorphic as an A[t ±,..., t n \-module to: 


H{(p/A[t 1 ,... ,t n , z))[{z - l) 2 ] 
H{p/A[ti, ■ ■. ,t n , z])[z — 1] 
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where H(ip/A[ti ,..., t n , z])[(z - l) 2 ] = {x G H(ip/A[ti ,..., t n ,z]), (z - l) 2 x - 
In particular if H(fp/A[t\,... ,t n , z])[{z — l) 2 ] = H(fp/A[t\,... ,t n , z])[z — 1], 
we have an isomorphism of A[t \,..., t n ]-modules: 

H {1) ^/A[t i. ■•■>*»])- [ H (<p/l)} K A\t u \ .,t n y 


= 0 }. 

then 


Furthermore, in this case, 
Fg [ti,..., t n ]-module. 


H{ip/A[t 1 ,...,t n }) 
HA)((p/A[t 1: .. .,t n ]) 


is a finitely generated and torsion 


Proof. Observe that ev induces a morphism of A[t \,..., t n ]-modules: 

H(!p/A[ti,...,t n ,z])[z- 1] H(ip/A[ti,...,t n ]). 

The kernel of the above map being: 

(z-l)H{tp/A[t 1 ,...,t n ,z])[(z-l) 2 ]. 

Now observe that, by formula ©, we have : 

V/3 G Uicp/Alh,... ,t n ]),ev o a(P) =expW(/3). 

It remains to apply Proposition 13.41 to obtain the first three assertions. The last 
assertion is a direct consequence of © □ 


Question 3.6. Let n > 1. 

1) Is it true that H(ip/A[ti,. . .,t n ,z])[(z - l) 2 ] = H(ip/A[ti,.. .,t n ,z])[z - 1]? 

2) Is H(<p/A) a cyclic A-module? 

Observe that by the above Corollary if 1) is true then 2) is true. Also observe 
that 1) has a positive answer if and only if ^]) a fi n ^ e ^y generated 

and torsion F g [ti,..., t n ]-module. We are going to show in the next section that 1) 
is true when <f> is the Carlitz module. 

3.3. The case of the Carlitz module. 

In this paragraph <f> = C is the Carlitz module, ip is the canonical deformation 
of C over T„(if 00 ), and ip is the canonical ^-deformation of ip. 


3.3.1. Some results on units. 

Observe that in our case (by [5], Proposition 5.9): 

C(ip/ A) = £ ——————————° G T nAKooV, 

aGA + a 

and: 

C(<p/ A) = ev(C(ip/ A)) = V G T n (A' oc )x 

q£A + a 

Recall that we have set: 

(11) u c {ti,...,t n ;z) := exp^(£(^/A)) G A[t u ..., t n , z]. 

Lemma 3.7. If n G {0, ..., q — 1}, then: 

u c (ti,...,t„;z) = 1. 
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Proof. Note that: 


Mj > 0,^00 ( 


bj(h) 


D 


■bj{t n ) ■ qi-l 

— - z 3 ) = JO 3 - n - 

9-1 


and 

Woo (C{tp/A) - 1) > 1. 

Thus, under the assumption of the Lemma, a direct computation gives: 


Woo(exp^(£(v?/A)) - 1) > 1. 


Since uc(t\, ..., t n ; z) € A[t\,... , t n , z], we get the desired result. □ 

Proposition 3.8. Let n > q. Write n = q + r + £(q — 1), £ £ N, r £ {0, ..., q — 
2}. Then uc(t \,..., t n ; z) viewed as a polynomial in 9 is of degree n{ q q Zi ) — £q ( if 

r = 0 and n( 9 g _^ 1 ) — {£ + 1 )q f ' +1 if r Y 0. Furthermore the leading coefficient of 
uc(ti ,..., t n :, z) viewed as a polynomial in 9 is : 

ifr = 0, (— l)V(l-z). 


ifr^0,(-l) n(m V +1 . 


Proof. We prove the result for r = 0, the proof of the Proposition being similar in 
the remaining cases. For i > 0, observe that T l {C{fp/ A)) and (—l) 1 b Wi)— b <(*n) are 
monic. We have: 


Mi > OjUoof-—-r (£(ip/A))) = iq - n{ --). 


D, 


9-1 


Set, for i > 0, cm = (—l) l 6< ^ tl ^'. 6i ^ n ^ r t (£(y/A)), then on is monic. We have: 


u(ti,...,t n ;z) = y^(-l fogz 1 . 

i> 0 


For i > 0, we have : 

n i+1 — 1 o* — 1 

((* + 1)9* +1 - n(- -—)) - ( iq 1 - n{- --)) = q\q + i(q - 1) - n). 

9-1 9-1 

Recall that n = q + £(q — 1), £ £ N. We get : 

Voo(uc(h, ...,t n \z)~ ((-l) e aez e + (-l) (m) aT + i z e+1 )) > Woo(w(fi ,.. .,t n ;z)). 


But on/, and ai +1 are monic, thus: 


>(uc{ti, ■ ■ ■ ,t n -, z) - {z\ 1 - z)(-l)*0" ( « 


) ^ Wqo (w(tl , ... , t n , z) ) . 


This proves the assertion. 


□ 


Lemma 3.9. Let n > q, n = 1 (mod q — 1). Then: 

u c (ti,... ,t n ; z) e (z - l)A[ti, ...,t n ,z\. 

Proof. By [5], Lemma 6.8 and Remark 13.31 exp v : T^Roo) — > T„(/\oo) is not 
injective if and only if n = 1 (mod q — 1). If n = 1 (mod q — 1), then: 

Ker(exp : T^K^) -A T„(iFoo)) = ^[*i, • • -,t n ] ,. , —t-w- 

J * * J 













ARITHMETIC OF FUNCTION FIELD UNITS 


33 


Furthermore, if n > q, n = 1 (mod q — 1), we have ([5], Proposition 7.2): 

(12) £%/v4[ti,...,t„]) = Ker exp \ Tn(Koo) = A[tx,... ,t n \ ^ 

LO{ti) ■ ■ ■ LO(t n ) 

Recall that C(ip/A)A[ti, ..., t n \ = Ust{p/A[ti,... ,£„]) C U(ip/A[ti,... ,t n \). For 
n > q, n = 1 (mod q — 1), we get by (fill) : 

uc(t i,1) = ev(u c (ti,.. ■,t n ;z )) = exp^, (£(</>/A)) = 0. 

□ 

Let’s set: 

B(ti, ...,£„) = [A(<p/A)] A S A[ti,.. .,£„]. 

We recall that if n < 2q — 2, by [5], Remark 5.3, we have H{fi/A[t \,..., £„]) = {0} 
and therefore B(ti,..., t n ) = 1. 

3.3.2. The case n ^ 1 (mod q — 1). 

In this section, we assume that n ^ 1 (mod q — 1). 

Theorem 3.10. H(tp/A[t \,..., £„]) is a finitely generated and torsion F g [ti, 
module. In particular: 

B(£i, ...,£„) = 1. 

Proof. 

Let r e {2,..., q — 1} such that n = r (mod q — 1). We can assume n > r. Set : 

Tl — V 

N = {x € T n (K 00 ),v 00 (x) > ]_ }■ 

Then, since 2=f > we have : 

' q —1 q— 1 ' 

N = exp v (N) c exp v (T„(A' 00 )). 

Observe that: 

T n (/Voo) = n—r -• • • ) tn] © N. 

Set : 

E _ T»(A^) 

A[£i, ..., t n \ + N 

Observe that A is a free and finitely generated F g [fi,..., £„]-module of rank — 1. 
In order to prove the Theorem, it is enough to prove that there exists A € T n (A' 00 ), 
Vqq (A) = 0, such that if we write in E : 

^f-i 

k G {1,..., ^ - 1}, exp v (£T fe A) = J2 ^AX)0~ j , &,fc(A) e ¥ q [ti, • • • ,U 
q 3 =1 

then det((P jt k(\))j,k) e F g [ti, ...,£„] \ {0}. 

Let if : A —> T„(A' 00 ){r} be the morphism of F g -algebras given by : 

'fie = (h - 9) ■ ■ ■ (t r - 0)r + 6. 

Let exp^, = 1 + ^.>i _ By Lemma [3771 we have: 

exp^(£(^/A)) = 1. 
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Set: 

We refer the reader to 
We have : 


1 


77 = 


€ T„(A" 00 ) X . 


U(t r + 1) ' ■■U{t n ) 

Remark 13.31 for the definition of ui(t). Observe that (rf) = 


\/x G T n (K 00 ),exp (j> (r]x) = rjexp^(x). 


Thus, for k > 0 : 

exp 0 (6» fc £(i/'/A)? ? ) = T)ipQk (1). 

We set A = (—9)* =T C(ip/A)r], note that A G T„(iv 00 ), and Woo(A) = 0. For k G 
— 1}, recall that we write in E : 


exp 0 (6> k X) 


— 

^,fc(A)0" a ', A-,fc(A) GF, 
j'=1 


Let euo : T„(iVoo) —>■ Koo be the surjective morphism of F g -algebras given by 

ev 0 (/) = / |t 1 =-..=t n =o ■ Then ev 0 ((— 77 ) = 1. Let g : A -> A{t} be the 
morphism of F ? -algebras given by: 

ee = <Po | tl =-— (-1 ) n e n r + e. 

Then clearly: 

exp e = exp^ | tl= ... = t n=0 . 

We have: 

Tl — T 

{x G Koo, Voo (x) > y} = ev 0 (N) c exp e (if OQ ). 

Furthermore E' := ^^(jv) a finite dimensional F^-vector space of dimension 
^Ej ~ 1- Therefore, for k G {1,..., ^Ej ~ 1}; we have in E' : 

?Gf-l 

exp e (0 _fc ) = ez;o(/3yfe(A))6» _ T 

i=i 

A direct computation yields for k > 0 : 

evo (exp^ (6 k C{ip / A)rf)) G {—d)~f= T d k + (—9) k+1 ~f= T A. 

This implies: for k, j G {1,..., ^Ej - 1}, ev 0 (P k , k (\)) ^ 0 and ev 0 (/3 j}k ( A)) = 0 if 
j > k. Thus det((ewo(/3j,fe(A))j ) fc) G F*, and therefore: 

det(( / 8 j i fe(A))j,fe) G F q [ti,... ,t„] \ {0}. 

The last assertion of the Theorem is then a consequence of © ■ 

□ 


Let’s set: 

M(ip/A[ti,... ,t n ]) = {<p a (uc(ti, ■ ■ ■ ,t„; l)),a G A[ti,... ,t n ]}, 

and its radical y/M.((p/A[ti, ..., t„]) is defined as 

{b G A[t 1 ,... ,t n ],3a G A[ti,... ,t n \ \ {0}, <p a (b) G M^/A^i ,... ,t n ])}. 

Note that, for n > 1, M.(<p/A[ti, ..., t n }) is a free A\t\, ..., i„]-module of rank one. 
We will need the following Lemma: 
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Lemma 3.11. Let n > 2 be an integer (we don’t assume in this Lemma that 
n 1 (mod q — 1)). Let u £ A[t \,..., t n ] \ {0} be such that its leading coefficient 
as a polynomial in 9 is in F*. Let c £ A such that <p c {'u) £ A[t\,... An], then 
c£ A[ti,... ,t n ]. 

Proof. 

For k > 1. let’s write: 


Then: 


<Pe* = 'Yy k ,j)T J , [9 k ,j] £ A[ti,... ,t n \. 
t=o 


deg s [0 k ,j] = q J [k- j) + n(- - h, 


q- 1 


and the leading coefficient of [0 k , j] (viewed as a polynomial in 9) lies in F*. Observe 
that, since n > 2 , we have: 

j = 0 , ■ -.,k- l,deg s [9 k ,k] > deg e [ 6 » fc , j]. 

This implies that if a, b £ A[t\,... ,t n \ \ {0}, we have: 


deg gip a {b) = q deg A a )deg e b + n{ 


qdegoa _ ^ 

9-1 


and the leading coefficient of <p a (b) viewed as a polynomial in 6 is (up to an element 
in F*) the leading coefficient of a times the leading coefficient of b. 

Write c = S~ 1 a, S € F g [ti ,... ,t n \ \ {0} and a £ A[t \,..., t n ]. Write a = 6b + d, 
where b,d £ A\t \,..., t n \ such that d = 0 or the leading coefficient of d is not 
divisible by S. Then: 

ip d {u) £ 8A[t i, ...,t n ]. 

But, by the above discussion, if d ^ 0, the leading coefficient of <pd(u) is equal (up 
to an element in F^) to the leading coefficient of d. Thus S would divide the leading 
coefficient of d which is a contradiction and therefore d = 0 and c £ A[t \,..., t n \. □ 

Corollary 3.12. Let n > 1, n ^ 1 (mod q — 1). We have: 

\/M(<p/A[t-i,.. .,t n ]) = M(<p/A[t!,.. 


Proof. Let b £ \/M.(<p/A\t\,... ,fn])\{0}, then there exist a,c£ A[ti ,..., t n \ \{0}, 
such that: 

< Pa(b ) = ■■■An] 1 )). 

By Proposition 13.81 the leading coefficient of uc (ti,... ,t„; 1) is in ¥(. By (fill) : 
uc{h, ■■■An, 1 ) = exp v (C(ip/A)). 

Since (recall that n ^ 1 (mod q — 1)) <p a ■ K oo ^ Koo is an injective map, we get: 

cC{ip/A) 

b = exp^(---). 

But by Theorem 13 .1 01 and 10, we have: 

exp v _i(A) = C(ip/A)A. 

This implies: 

AALl e CMA) A. 


a 
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Thus a must divide c in A. By Lemma l3.HI we have that a divides c in A\t \,..., t n \ 
and therefore b £ M(<p/A\ti ,..., £„]). □ 


Remark 3.13. We briefly treat the case n = 0. In this case ip = C is the Carlitz 
module and M(C/A) = {C a (l), a £ A}. Observe that: 


Koo = log c (l)A © Moo, 

where Moo = {x £ K^. v 00 (x) > 1} and where log c £ K {{r}} is the Carlitz 
logarithm (see na, section 3-4)- Therefore: 


This implies: 
Thus: 


expc(^oo) = MIC (A) © Moo. 
A n exp c (A'oo) = M(C/A). 
sjM{C/A) = M{C/A). 


Furthermore observe that if q> 3, M(C/A) is a free A-module of rank one and if 
q — 2 , we have an isomorphismm of A-modules: 

~ (0(0 + i))A~ 


3.3.3. The case n= 1 (mod q — 1). 

In this section, we assume that n > q and n = 1 (mod q — 1). Recall that, by 
Lemma 13.91 we have : 

u c {ti,. 1 ) = 0 . 

Therefore, for n > q, we set: 

u^\ti ,... ,t n ;z) = -?j-uc(ti,...,tn',z) 6 A[t\,... ,t n ,z}. 

Observe that, if we set TV = {x £ T n (K 00 ),v 00 (x) > ^5?}, then: 

T„(Aoo) = ( , A[ti, .. . ,t„] ffi TV. 

U)(ti) ■ ■ ■ w{t n ) 

Furthermore , by we get: 

N = exp^TV) = exp v ,(T ri (/\oo)). 


Proposition 3.14. 

We set E = T "^°°^ viewed as an A[t \,..., t n \-module via <p. Then exp^ induces 
an injective morphism of A[t ±,..., t n ]-modules : 

expW : E E. 

Proof. Recall that by m, we have: 

U{ip/A[ti,...,t n ]) = - — —A[t 1: ...,t n \. 

Ld[tl) * • • Cl){ t n ) 

By (HU), we have: 

exp^ 1} (£(^/A)) = Uc\ti, 1) (mod TV). 

Furthermore, for x £ U(ip/A[ti, ... ,£„]), using the fact that exp~0 = pgexp- and 
that exp (a:) = 0, we have: 

exp ^\0x) = ipe(expW(x)) (mod TV). 
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Also observe that: 

ex P^ 1} (AO C TV. 

Let x £ T„(A'oo) such that there exists a £ A[t\,... ,t n ] \ {0}, a monic as a poly¬ 
nomial in 9, with ip a {x) = 0 in E. Then, by [5], proof of Corollary 6.5, we have: 

x £ exp v (T n (A' 00 )) = TV. 

By Proposition 13 . 81 we have that .. ., t„; 1) £ A[t i ,... ,t n \ \ {0}, and since 

<PB(ti,...,t n )(exp^ 1 ) (C/(^/A[ti,...,t n ])) = u ( ^\ti,...,t n \l)A[t 1 ,...,t n }) (mod TV), 
and A[ti ,..., t n \ fl TV = {0}, we deduce the assertion of the Proposition. □ 


Lemma 3.15. We have: 

exp^ 1} ( 


(i)' n 


Ld(ti) ■ ■ ■ Ul(tn) 

Proof. We first notice that : 

7T 


( — 1) 7z—l 

) = -(mod TV). 


Vqo ( 


u{tl) ■ ■ ■ U>(t n ) 0 
For i > 2, we also have that: 


( — !) 9-1 ^ n- q 


n~q 

q —i 


q -i 


hi{ti) ■ ■ ■ bi(t n )T l ( u ( ti y. u ( tn )) ^ n-q 

v °° [ A j > 


Furthermore, observe that: 

/ 7T 


;) = 


w(fi)... u(t n ) (h - 9) ■ ■ ■ (t n - 0)w(ti) ■ ■ ■ w(t n )' 
Finally, observe that : 

. 7r 9 (—1) n — q 

Voc (01 - 9)u](ti) ■ ■ -Uj(t n ) > q-1 


□ 


Lemma 3.16. Let a £ A[t \ 1 ..., t n \ \ {0}, a monic as a polynomial in 9. If 


e A[ti, . .. ,t n ]+ exp (TnfAToo)), 

9~ 


then dege(a) > 


Proof. Write a = 9 r + Y^i=o a * e ¥ q[ti> ■ ■ -An}- Set b = a | t;j= o ,j=i,-n ■ Let 
g : A —> A{t} be the Drinfeld A-module of rank one given by gg = (—1 ) n 9 n T + 9. 
We have: 


Ker(exp : K <*, K^) = 


exp c ( 


?L\n 

e> 


We easily deduce that: 


TL — Q 

exp (A'oo) = {x £ A'oo, Voo(x) >--}. 

q-1 

Since <p a (-^r) £ A[ti,...,t n ] +exp (T„(A'oo)), we have : 


£ A + exp (AToo). 
9 
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We observe that, for > l > 1, we have : 

^e(^) = ( mod qT^ A )- 

Thus, for 0 < i < — 1, we get: 

@ 6 ‘ ^ 0(.n-q)/{q-l) ^ ~ Q{n-q)/{q-\)-i ( mod g(n-g)/(g-l)-i-l ^)‘ 

This implies that r > ^pzf- 


□ 


Theorem 3.17. The module H^(tp/A[ti ,..., t n ]) is the sub-A[t\,... ,t n ]-module 
of H(ip/A[ti ,..., t n \) generated by the image of J/te-i) in H{(fi/A[t 1 ,...,t n ]). 
We have an isomorphism of A[t,\,..., t n ]-modules: 


H^\(p/A[t 1 ,...,t n }) 


A[tl , . . . , tn\ 

B(fl, . . .,t n )A[t\, ... ,t n ] ' 


Furthermore, /a[Vi''’*^ 1 ) ® s a finitely generated and torsion F g [fi,..., t n \- 

module. 


Proof. Set: 

V = {x G U(ip/A[t i, ... ,t„]),exp^ 1) (a:) G A[ti, ...,t n ] + N}. 

We have: 

Ust{p/A[t i,..., t n }) = C(<p/A)A[t 1 , ...,t n ]cV. 

Observe that the k- vector space W generated by V is a free A-module of rank one 
and, by that G := divides B(fi, ..., t n ) in A. Thus G G A\t\,. .., t n \. 

This implies: 

V = GU(<p/A[t u ...,t n ]). 

We have : 


exp^( 


Gt 


v u(ti) ■ ■ ■ U}(t n ) 
Therefore, by Lemma 13.151 

1 


) G A[ti ,..., t n \ + N. 


Tg( n ~ q ) G ■ ■ ■ ,t n ] + N. 


Thus by Lemma 13.161 we get that degeG > and since G divides B(G, ..., t n ), 
we get G = B(ti,..., t n ), i.e.: 

V = Ust(tp/A[ti, . . .,tn\). 

By Proposition 13.141 and the above equality, the map exp^ 1 -* induces an injective 
morphism of A[t\, ..., f n ]-modules: 


U(<p/A[ti,...,t n ]) 
Ust{tp/A[t i,.. .,*„]) 


-a H(<p/A[ti,.. .,t n ]). 


□ 
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Let’s set (recall that n > q): 

M{tp/A[ti,.. .,t n ]) = {ip a (u^\ti, l)),a G A[ti,.. .,t n )}, 

and define its radical y/M.(ip/A[ti ,..., t n \) by 

{x G A[ti,.. 3a G A[ti, ...,tn]\ {0}, ifia(x) G M(<p/A[ti,.. .,*„])}. 

By the proof of Proposition ^. 141 A\t \,..., t n ]) is a free A\t \,..., t n ]-module 

of rank one. 

Corollary 3.18. We have: 

Vm&JW, ■ ■ -An}) = M{<p/A[ti,.. 

Proof. Let b G ^M(q>/A[t\,... ,t n ])\{0}, then there exist a, c G A\t \,..., t n ] \{0}, 
such that: 

Pa{b) = <Pc{u < c ) (tl, . . . , tn ; 1)). 

Let E' = ^ where N' = {x G (x) > }■ By an adaptation of the proofs 

of Proposition 13.141 and Theorem 13.171 we have: 

£(<p/A)A + N' = {x G Kqo, exp^(x) G A + N'}. 

This implies that exp^ induces an isomorphism of fc-vector spaces: 

Hf-OC H^OO 

C(<p/A)A + N' ~ A + N r 

Therefore, there exists d G A such that we have the following equality in E' : 

b = pdiuQ (ti,.. -,*«;!))• 

Since b , (ti,..., t n \ 1) G A, this implies the equality in Koo : 

b = Pd(uc\ti,...,t n ;l)). 

By an adaptation of the proof of Proposition ^. 141 for x G A\ {0}, 4> x : E' —> E' is 
an injective morphism of A-modules. In particular, we get: 

ad = c. 

Again, since E' has no torsion point for ip, we get in E' : 

b = p c /a(uc\h , !))• 

Since An N' = {0}, this equality is also true in K^. By Proposition 13.81 the 
leading coefficient of ..., i„; 1) is in F*. Now apply Lemma 13.111 we get 

| G A[ti,... ,t n ] and therefore b G ... ,t n ]). 

□ 

Remark 3.19. When n = 1, then we already mentioned that H((j>/A[ti]) = {0}. 
Furthermore, by Lemma \3.1\ we have: 

uc{tr, 1) = 1. 

So we set, in this case: 

M((p/A[t!]) = {y? a (l),a G A[t i]}, 

yj / A[t{\) ={iG A[ti],3b G A[t{\ \ {0}, ipb{x) G M(<p / A[t{\)}. 

We have: 


Ve-tAl) = 0 . 
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Furthermore: 

U(tp/A) = C{p/ A)A, 

and: 

Ker(exp. : Ti(A^ 00 ) -A Ti(Aoo)) = —^—A[ti\. 

u[ti) 

By 0, Lemma 7.1 , we have an isomorphism of A[ti\-modules: 

In particular A4(p/A[ti\) = F g [ti]. But, since M(jp/A[ti\) C exp v (Ti(A' 00 )), we 
get: yj M{ip / A[t{\) C exp v (K 00 )nA = exp v (U((p/A)). Thus: yj M(<p / A[tx]) C 
exp^ (U(<p/ A)). Note that we have an isomorphism of A-modules: 

“MWA)) = 

and exp (U{p/ A)) is the A-module (via p) generated by 1. In particular, we have 
exp v (U(p/A))=¥ q {ti). Thus: 

ex Pip{U{<p/A)) n Ti(A' 00 ) = M(p/A[t\}). 

Therefore, we also have in this case: 


3.4. P-adic L-series. 

Let n > 0 be an integer. Let <j> : A —> A{t} be a Drinfeld A-module defined 
over A, and let ip be its canonical deformation over T n (K 00 ), Ip be the canonical 
^-deformation of p (see section ED - 

Let log 0 G A'{{t}} (respectively log v G T„(AT 00 ){{r}}, log^ G T„, 2 (A" 00 ){{r}}) 
be the unique element such that log^ = 1 (mod r) and : 


Write: 


then: 


log 0 (fg=9 log 0 (respectively log^ p e = 9 log v , log^ p s 

lo g0 = e K, 

j> o 


01 °g$?)- 


l°g v = UU ■ • • UUM and lQ g^ = UU ' ' ' b j{tn)ljZ 3 T 3 . 

3 > 0 3 > 0 

Now, we fix P a monic irreducible element of A of degree d > 1. Let vp : K —>■ 
Z U {+oo} be the P-adic valuation on K. 


Lemma 3.20. For n > 0, we have: 

MU > -[ 

where for iGl, [x] denotes the integer part of x. 
Proof. We have for n > 1 : 

n —1 

(e-e^)i n = Y J h4-p 

3=0 
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where 4>e = JT >0 a i T ^ ■> an d a i ^ A a j ~ 0 f° r 3 > r + 1 where r is the rank of <f>. 
Set £q = 1 and for j > 1, lj = nl=i(^ — 0 qk ). Then, we deduce that: 

Vn > 0 ,l n = y-,a n & A. 

*~-n 

□ 

Let Kp c be an algebraic closure of Kp , where Kp is the P-adic completion of 
AT. Let Cp be the completion of A'p c equipped with the P-adic valuation vp : 
C P —>■ Q U {+oo} (vp(P) = 1). We denote by vp the P-adic Gauss valuation on 
Cp [ti,..., t n , zj , i.e. if / — ^ ,...,j n P, ,j £ dp, then 

Tp(/) = Inf{i-p(aii 1 ,... j i rijJ -), ii,... ,i„, j e N}. 

Let T„ )Z (Cp) be the completion of Cp[ti, u] for pp, and let T„(Cp) be the 

closure of Cp[£i,..., £„] in 1„ i 2 (Cp). 

We denote by T ni 2 (A"p) the closure of K[t±,... ,t n ,z] in T„ i 2 (Cp), and T„(A» 
the closure of K[ti,...,t n ] in T„ j 2 (Cp). We also denote by Ap the closure of 
A[t \,..., t n ] in T n (A"p), and A p the closure of A[ti,... ,t n , z\ in T„ i 2 (A"p)- Fi¬ 
nally let O = {x £ Cp,vp(x ) > 0}, and let O be the closure of 0[t\,... ,t n ,z\ in 
T„, 2 (Cp), and O be the closure of 0[£i,... ,t n ] in T„ i 2 (Cp). 

We still denote by r the continuous morphism of F g (fi, 2 )-algebras r : 

T„, 2 (C p ) -A T„ i 2 (Cp), \/x £ Cp, t(x) = x q . 

Lemma 3.21. ip extends by continuity to a morphism o/F 9 [£i, z\-algebras : 

ip: A P ^ Ap{{r}}. 

Proof. Observe that: 

Vp = P + fr, f £ A[ti,...,t n ,z]{r}. 

This implies that, for m > 1, we have: 

m— 1 

(ppm — ^ ^ T fm^~ •> a 0•)•’•') ^m— 1 ^ ^4[^l , . . . , tn, zj , fm G ^4[ti , . . . , , 

k—Q 

with the property: 

k G {0,..., m — l},vp(cik) > m — k. 

This implies that if x G P rn A[ti ,..., t n , z] for some m > 1, we get: 

m— 1 

(p x — ^ ^ bk7~ H - 9m'T 5 ^ 0 ? • • • ? bm— 1 ^ v4[^l, . . . , t n ^ zj , G ^4[ti, . . . , t n , 

/c—0 

with the property: 

fc £ { 0 ,..., m — 1 }, vp(bk) > m — k. 

Thus, if (a n ) n >o is a Cauchy sequence for vp of elements in A\t\,... ,t n ,z\, then 
the sequence {fp an )n >o converges in Ap{{r}}. □ 

Observe that O is an A[t.\,..., t n , z]-module via ip , and by the above Lemma 
{x £ O ,vp(x) > 0} is an Ap-module via ip. 
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Lemma 3.22. log^ induces an injective morphism of¥ q [ti,... ,t n , z\-modules: 

l°g(p,p : © 1T nj2 (Cp), 

such that: 

Va £ A[t u .. .,t n ,z\,\/x £ O,log^ p (^ 0 (a;)) = a\og^ P (x). 

Furthermore, if x £ O, vp(x) > 0, we have: 

l°g^p(x) = Y b j(t l) • • • b j (t n )zH j T :i (x), 

3 > o 

and: 

Va £ A P ,log^p(^ a (j;)) = alog^ P (a;). 

Proof. Let’s set: 

.A4 = {x £ 0,vp(x) > 0}. 

Observe that we have a direct sum of F q [£i,..., t n , ^-modules: 

b = ¥q[t 1 ,...,t n ,z}®M, 

where F 9 is the algebraic closure of F g in Cp. By Lemma [3.201 log^ converges on 
M and we have the last assertion of the Lemma by Lemma 13.2 11 Furthermore, for 
x £ Ai, we have: 

Vp(<fip(x)) > Inf{gi>p(x), vp(x) + 1}. 

This implies that there exists an integer m depending on x such that: 

lo g^(z) = p^log ip(?P"(x)) £ — M, 
and again by Lemma [3.201 

Vp(logp(ipp m (x)) =V P (tppm(x)). 

Now, we observe that O is an A[t \,..., t n , 2 ]-nrodule via tp without torsion. This 
implies that log^ : M -4 T„, z (Cp) is injective. 

Now, let m > l,m = 0 (mod d ). Let: 

jj _ ¥ qm [ti_,...,t n ,z\®M 

M 

Then M is a finitely generated and a free F g [ti,..., t n , z]-module and also an 
A\t \,..., t n , £]-module via tp. This implies that M is a torsion A[t\,... ,t n , z]~ 
module. Thus there exists a £ A[t \,..., t n , z] 0 T„ iZ (A'p) x such that: 

Pa(¥ q m) c M. 

Now, let x £ O. By the above discussion, there exists b £ A\t \,..., t n , z]nT ra)2 (Jvp) x 
such that: 


Pb{x) £ M. 


We set: 


log $,p{x) = -rlog^ipbix)). 


This does not depend on the choice of b. 


□ 









ARITHMETIC OF FUNCTION FIELD UNITS 


43 


Recall that: 


£(£/ a)= n ■ 


eT v (A m ) x , 


Q 

where Q runs through the monic irreducible elements in A. Thus: 


(- 


L PA Ja 


)- i £(^/a) = n 


l QA J 


GT n , 2 (if 00 ) x . 


[^)k qVp M&k 

Now, by ©, we have the formal equality in K(t\,..., t ra )[[•?]] : 

C{Jp/K) = log^(it0(ti,..., t n \z )). 

Therefore, we define Cp(fp/ A) by the formal equality in K(t\,... , i n )[[~]] : 


Cp&/A) = ( r'CM A). 

Theorem 3.23. Cp(fp/ A) converges in A p and we have the equality in T n:Z (I\p) : 

Cp(tp/A) = \ 0 g~ p ( u <j > (t 1 ,...,t n -,z)). 

Proof. Let p : A —> A{t} be the Drinfeld A-module given by: 

r 

J=0 

where (f>g = o a o T ^■ Let g be the canonical deformation of p over T n (A' 00 ) and 
g be the canonical 2 -deformation of g. Then: 

lo ger ‘'' bj(tn)P ql ljz° t 3 , 

j> 0 

where log^ = X^j>o By ©, we have the formal identity in K(ti ,..., t n )[[~]] : 

C(g/A) = log ? (u p (ti,..., t n \z )). 

But, by Lemma f3 . 201 we have: 

Vj > 0 ,v P (bj(ti) ■ ■ ■ b j (t n )P q3 ~ 1 lj) > q J - 1 - [^]. 

This implies that C(fg/A) converges in Ap. Let Q be a monic irreducible element in 
A prime to P. The multiplication by P gives rise to an isomorphism of A-modules: 




This implies that we have the following equality in K(t ±,..., f„)[[z]] : 

C(g/A) = £ P (<p/A). 

Therefore we get the first assertion of the Theorem. The second assertion is a 
consequence of © and Lemma 13.221 


□ 
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Observe that we have analogous constructions for ip as that made in Lemma f3.21l 
and Lemma 13.221 Thus, we have a continuous morphism of F 9 [fi,..., f n ]-modules: 

l°g ip,p '■ © ~t T n (Cp), 

such that: 

Va G A, log v ,p(p a (x)) = alog lfiP (x). 

But, log^ P is no longer injective. 

Let ev : T„ iZ (C P ) T n (C P ),y i-A y | 2= i . Then: 

Vy G O, ev(log^ P (y)) = log^ P (e v(y)). 

We set: 

Cp{tp/ A) = ev(Cp{p/K)) G A P . 

We get: 

Corollary 3.24. We have the following equality in T n (Kp) : 

£p(p/A) = ——log ¥ , j p('it^.(ti, ■ ■ •, t n \ 1)). 

In particular £p(<p/ A) = 0 if and only if ..., t n ; 1) is a torsion point for ip. 
Proof. This is a direct consequence of Theorem 13.231 □ 


We set: 


Cp\(p/ A) = ev(-^£ P (ip/ A)) G Ap, 
u* (ti,..., t n , 1) — ev(— u^it i,..., t n , £)) G ..., tn]? 
Va G A[fi,.. = ev(-^-<p a ) G A[fi,... ,t„]{r}. 


Proposition 3.25. Let’s assume that u^fti ,..., t n ; 1) is a torsion point for p. 
Then, in T n (Kp), £p^/A) is equal to 


Mpa)]a l0 g ¥i)P ( tl W( tl) . . . , tn, 1)) + ■ ■ • , tn, 1))), 

for any a G A[t\,...,t n \ which is monic as a polynomial in 6 and such that 

Ta^Vcpiti, . . . , t n , 1)) 0. 


Proof. Let’s start with the equality in K{t \,..., t„)[[z]] : 

C(p/A) = log^(u 0 (ti, ...,t n ; z)). 
We get, for a G A[ti,... t n ] : 


aC{p/ A) = log^(v? Q (M 0 (ti,..., t n ] z))). 


Thus 

a-^£{p/A) = (— log^)(^ a (u^(ti,..., t n ; z))) + \og^(—(tp a )(u^,(tu ...,t n ; z))) 

+ log^(^ a (^(«^(ii, ■ • ■, t n ] z)))). 

Now, by Remark 13.31 there exists an element a G A[t\,... , t n ] which is monic as a 
polynomial in 6 such that: 


Ta{v.(j)(t\, . . . , t n , z)) 0. 
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The assertion of the Proposition follows from Corollarv l3.24l and Theorem l3.23l □ 


4. Arithmetic of cyclotomic function fields 

Let p be an odd prime number and let A' be the p-Sylow subgroup of the ideal 
class group of Q(e~). Let A = Gal(Q(e~)/Q) ~ (J|) x and let A = Hom(A, Z x ). 
Observe that A is a Z v [A]-nrodule. For y £ A, let: 


X(x) = e x X, 


where e x =-X. J2 5eA x ($)6 1 e Z P [A], 

Let uj p £ A be the p-adic Teichmriller character. Let x 6 A be an odd character. 
Then by the famous Leopoldt’s Spiegelungssatz ([2D])) we have: 


dim Fp 


X(w P x *) 

pX(w P x -1 ) 


< dim Fp 


x(x) 

pX(x) 


< dim Fp 


XjuipX X ) 
pX (uj p x~ 1 ) 


+ 1 . 


Therefore if X{uj p x~ 1 ) = {0}, A'(y) is a cyclic Z p -module. In particular, if Van¬ 
diver’s Conjecture is true for the prime p then X(x) is a cyclic Z p -module for every 
odd character x of conductor p. The cyclicity of A' as a Z p [ A]-module is still an 
open problem and is conjectured to be true. This problem is sometimes referred as 
’’The Iwasawa-Leopoldt Conjecture” m, page 80), and by the above discussion 
Vandiver’s Conjecture implies this cyclicity statement. 

In this section, using the ideas developed in sections [2] and [3j we study an analo¬ 
gous question for the case of the Pth cyclotomic function field where P is a monic 
irreducible element in A. Note that the analogue of Vandiver’s Conjecture is false in 
this context ((Z!)- Furthermore, we are not convinced that the isotypic components 
of the ” P-Sylow subgroup ” of Taelman’s class module associated to the Pth cyclo¬ 
tomic function field are cyclic Ap-modules, where Ap is the P-adic completion of 
A, even in the case of odd characters (it would be very interesting to exhibit, if they 
exist, such examples). However we are able to prove a cyclicity result (Theorem 
POD that involves the ’’derivatives” of Goss P-adic P-series for odd characters. This 
result does not seem to have an analogous counterpart in the classical case. 


4.1. Dirichlet characters. 

Let F g be the algebraic closure of F g in Coo. Let ( £ F, and let Q be the 
monic irreducible element in A such that Q(C) = 0- The morphism of F g -algebras 
p<^ : A —> Coo, a | —> a(£), induces an injective morphism of groups still denoted by 

PC '■ 

P C :(A)^ Ci . 

A Dirichlet character is a morphism of groups % : (^) X ^ ^ooi f° r some g € A + . 
We observe that the conductor of y, f x £ A + , is a square-free monic polynomial. 
In this article all Dirichlet characters are assumed to be primitive, i.e. viewed 
as defined modulo their conductors. For example, if £ € F 9 , is a Dirichlet 
character of conductor Q , where Q is the monic irreducible polynomial in A such 
that Q(Q = 0. 
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Let x be a (primitive) Dirichlet character. Then there exist £i(x),. .., ( m (x) £ 
F q , ni(x), ■ ■ ■,n m {x ) e {1,... ,q - 1}, m > 0 , such that: 

m 

Va G A, x(a) = a(Cj(x))" j(x) - 

3 =1 

Note that the conductor of x is the least common multiple of the conductors of the 
P^( x )> J = 1, ■ ■ •, m. The type of %, s(x), is defined by: 

m 

«(x) = ^2n j {x)- 

i =i 

For example, the only Dirichlet character of type 0 is the trivial character, and the 
Dirichlet characters of type 1 are exactly the p^, £ G F q . A Dirichlet character, y, 
is called odd if s(y) = 1 (mod q — 1), and even otherwise. 


Let’s select Xg G Coo such that Xg 1 = —9. We set: 

5r = XgeHa^e 1 -^)- 1 G K 00 (Xg) x . 

3> 1 

Recall that t : Coo —> Coo is the continuous morphism of F q -algebras such that 
t(9) = 9 q . Let C be the Carlitz module (recall that Cg = t + 9). Then: 

Ker(exp c : Coo -»• Coo) = 7 tA. 


Observe that: 

Xg = exp c (^). 

For a G A + , we set: A a = exp c (f) G F q ((-b)). Let cr : F^((^)) F^((yj)) be the 

continuous morphism of F q -algebras such that <r(A g) = Xg. 


Finally, we recall the definition of the Gauss-Thakur sum attached to a Dirichlet 
character. Let ( G F, and let Q be the monic irreducible element in A such that 
Q( C) = 0. We set (see also [29]): 


9(PC) = - E E Pc(a)” 1 ^(A Q )GF q ((^))x. 

n=0 a£A -|_ )n 


One easily verifies that: 
In particular: 


v(g(Pc)) = (C - %(Pc)- 


T dee ° Q (g(p c )) = v deBsQ (g(Pi)) = (-1 ) deg ^Qff(p<). 
Also, we have ([29], Proposition I ): 


deg„ Q-i 

(!3) E 9(P<;* k )= X Q- 

fc=o 


Now, let x be a Dirichlet character. Let Ci(x)? • • • > Cra(x) £ F q , n i(x)> • • • > n m(x) £ 
{1,..., q — 1}, m > 0, such that: Va G A, y(a) = Tljli a (G(x)) n ^ x ^ We set (see 
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also [4]): 

m 

gix) = II 9(PtAx)T j(x) ■ 

3=1 

Then: 

m 

(14) v{g(x)) = 11(0 (x) - d ) njix) gix)- 

3 = 1 

4.2. P-adic Dirichlet-Goss L-series. 

Let P be a monic irreducible polynomial in A of degree d. Let K ac be the 
algebraic closure of K in Coo and we fix once for all a If-embedding of K ac in Cp. 
Let n > 0 be an integer and let t ±,..., t n , z be n + 1 indeterminates over Cp. Let’s 
set: 

L P ( tll ...,t n -,z) = J2 E aitl) " a a{tn) z n GK[t 1 ,...,t n ][[z]}. 

n>OaEA+ iTl ,a^O (mod P) 

Then by Theorem 13.231 

Lp(ti ,..., t n \ z) G T ntZ (Kp). 

Let % be a Dirichlet character. Let Ci(x)> • • ■ > Cm(x) e F g , m(x), • ■ ■, n m (x) S 
{1 ,..., q — 1}, m > 0, such that: Va G A,\(a) = Yl'JLi a (Gj(x)) ni ^■ Let n = 
n i (x) + ■ • • + n m (x) be the type of x- Let’s recall that the value at one of the 
Dirichlet-Goss P-adic L-series attached to x is defined by (see [15] ): 

M i.x) = £ E 

n>0 aGA+ )7l ,a^0 (mod P) 

Now let T]i,, T] n eF, such that Vn 1 {x)+~n i -i(.x)+k = Cj, for k € {1 ,... ,n,(x)}, 
j = 1,..., to. Let ev x : K\t\, ..., f„][[z]] F g (0)[[z]], be the A'-linear map defined 

by: 

ev x if) = f |ti=Ci,.-,t-=C» ■ 

It is clear that we have: 

Lp{ 1, x) = ev x {L P (t i, — , z)) |z=i • 

This implies that, by Corollary 13.241 and Lemma [3.71 and Lemma [3.91 if x is odd 
then: 

Lp{ l,x) = 0. 

Thus, if x is odd, we set: 

Lp\l,x) = -^(ev x ( L p(t i,... ,t n ;z )) | z =iG C P . 

Theorem 4.1. Let x be a Dirichlet character. Then L P ( l,x) = 0 if and only if x 
is odd. Furthermore, if x °dd, we have: 

L l p\l,x)¥= 0. 
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Note that the case of characters of conductor P and x even is treated in |7j 
and the non-vanishing result uses Bosser’s P-adic Baker Brumer Theorem (see the 
appendix of |7j). In what follows, we propose a new approach which does not use 
the P-adic Baker-Brumer Theorem. 

We will now work in K[t ±,..., f„][[z]]. Let 

r : K[t!,... ,t n \[[z]] K[t!,... ,t n ][[z]] 


be the continuous morphism (for the z-adic topology) of F q [ti,..., t n ] [[z]]-algebras 
such that 

Vx £ K, t(x) = x q . 


Set : 


!og n,z = 


\ ' bj(ti) ■ 


bn,z / j 
k> 0 




bi(t n ) _ k _ k 

Z T , 


where for j = 1 ,..., n, we recall that bo(tj) = 1 and for i > 1 : bi(tj ) = Ylk=o(^i ~ 
9 qk ), £q = 1 and for n > 1, £ n = (6 — 9 qT ')£ n -±. Then, by (HU, there exists 
uc{ti ,..., t n ] z) £ A[t\,... , t n , z\ such that we have in K[ti ,..., f„][[z]] : 

(!5) Y Y a a ^ zk = lQ g n,z{uc{ti, z)). 

k >0 


Let X be a Dirichlet character of type n and conductor /. Recall that, by (fTTl) . there 
exists r/i,... ,r] n €Wq such that : 

cr (s r (x)) = {m~9)--- (Vn - 9)g( X ). 


We set : 


u x( z ) = 9{x)uc{ti, ■ ■ ■ ,t n ;z ) |t 1 =r )1 ,...,t„=7 7n e g(x)^q{v i» ■ • ■ >Vn)[0][z]. 


Let [x] = 
We set : 


and : 


{x q ■ i > 0}. Observe that for ip £ [x], ip is of type n and conductor /. 

«td( z ) = Y u ^ € A t A /M 

■ 0 e[x] 


,(i)/ ' d 


U \x]^ = Tz ll[x]{z) - 


Finally, let Ay = Gal(A'(A/)/AT). 

Let log c P : O —> Cp be the P-adic logarithm for the Carlitz module introduced 
in section [33 where O = {x £ Cp,vp(x) > 0}. 


Proposition 4.2. Let x be a Dirichlet character of type n and conductor f. 

1) If n^l (mod q — 1), then : 

Lp(i,x)g{x) = (i-- p_1 *( p ))r^ _ 7 51 x _1 (p)i°g c,p(M w m(!)))• 

' f ' AieA j 

2) If n > q, n = 1 (mod q — 1), then : 

Lp\l,x)g(x) = (1--P _1 X(^))|-^—| Y X _1 (M)logc,p(M u [x] (!)))• 

1 1 1 
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3) If n = 1, we have : 

Lp\i,x)g(x) = (i- p E x _1 (p)iog;c,p(M A /))- 

Proof. Let’s set : 

log a, Z =Y,J7 Zk<jk - 

k >0 lk 

If we specialize U in Vi in the formula (fThl) and multiply by <?(%), we have the 
following equality in F 9 (??i, ... ,??n)[0][A/][[z]] : 

E E ^9(x)z k = ^ z u x {z). 

k >0 aGA.|_ tfc 

Now, set : 

logo.. = £ 

k >0 

We get the following equality in A'[A/][[^]] (r acts trivially on z): 

EE E ^s(^ fc = log c ,*«w(«). 

■0G[x] ^>0 

For yt G Ay, we have : /.i(g(x)) = x{p)9{x)i we therefore deduce that : 

I A / I E E -^.9(x)“ fc = E X _1 (^)log c, z g{u [x ](z)). 

k>0aeA +tk 

Thus: 

l A /l3(x)E E ^~ zk = E X _1 (M) lo gc, z M( u M( z ))- 

^> 006 ^+^ //CA/ 

And finally : 

S(X)E E E X- 1 (M)logo,^(« M W)- 

fc>0 aG-A^fe ^ ^ /^GA/ 

a^O mod P 

Recall that : 

fliogc,* = log c ^(zr + 6l). 

Now, since ur x i(l) can be a P-adic unit, using the functional equation of log c , if 
necessary, we get if x is even (i.e. n^l (mod q — 1)) : 

Lp(l,x)g(x) = (1-P -1 X(P))|-E -1 E X _1 (^)log c ,p(M(w[ x ](l)))- 

1 / 1 »eA f 

Let’s treat the case where \ is odd (i.e. n = 1 (mod q — 1)). If n > q, by Lemma 
13.91 we have M[ x ](l) = 0. Using again the same technique, we get in this case: 

Lp\l,x)9{x) = (l-P -1 x(P))j-^—I E X _1 (^) log c , p(m(w[ x ] (!)))• 

' f ' AteA f 

Thus, it remains to treat the case n = 1 . First, by formula m and Lemma 1371 

u lx]( z ) = X f■ 
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P 6 A / 


Therefore, in this case : 

stoE E ^-z k = {l~ p -\{P)z d )Y ^: T E X- 1 (M)log c ,,M(A / ). 

fc>0 aeA +ife ' 

a^O (mod P) 

Now, select AsF ? such that / is relatively prime to 9 + A. Then : 

E X -1 (aO l°gc,z m(A/) = X _1 ($ + A) ^ X _1 (m) logc.z ^+a(m(A/))- 

/xe A/ peAj: 

Thus g(x)(x{@ + A) - (0 + A)) £ fc > 0 EaGA+,^0 (mod P) 77^ ls eC l Ual t0: 


(1 -P 1 x(P)z d )y^-7 Y x 1 (M)(logc )£ C , e+A(Ai(A/)) - (6> + A) log c>z /x(A/)). 
But n = 1, thus x($ + A) = x($) + A- Thus, 

x( a ) k 


g(x)(x(0) - o)Y E 


fc>0 (mod P) 


is equal to : 


(1 ~P l x{P)z d )y-£~ r E X 1 (M)(log c ,zC'e(M(A/))-01og Ci ,./i(A/)). 

f 1 peA, 


Set : 


lo gc,EEf" fe " lrfc - 

fe >0 tk 

logc,l(~ r + ®) - 0 lo Sci = - lo Sc,z r. 

Therefore, for n = 1, we get : 

g(x)L { p\l,x) = (!- P^XiP^TlCTla —772fi E X _1 (m) log c ,p(MA/))- 


Then : 


A/1 e - x (9) 


P6 A/ 


□ 


Proof of Theorem I4.fl : 

We first treat the case where x is even (i.e. 1 (mod g — 1)). Note that by 

Proposition 13.81 and Lemma 13.71 we have : 

^ °- 

Since x is even this implies that u [ x ] (1) is not a torsion point for the Carlitz module, 
in particular : 

l°gc,p( u [x]( 1 )) ^ °- 

But, by the proof of Proposition 14.21 we have : 

iogc.pKxiW) = E ~ 

This implies that there exists ip £ [\] such that : 

Lp(l,ip) 0. 
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Thus, we have to prove that if Lp(l,x) ^ 0, then Lp( 1,\'«) ^ 0. We are going to 
prove it by performing a change of variable. 

Set K = F q (6 q ), observe that K/K^ is totally ramified at every place of K^ q \ 
Let be the Carlitz module for := A q = F q [0 q ], i.e. C^g, = t + 0 q . Let 
= ex PcO)(j^j) (this is also equal to Aj). Then : 

K(A f ) = K( A ( / ( l } ). 

Furthermore, the restriction map induces an isomorphism of groups : 

A, ~ A (?) 

This implies that : 

Vcr G A/,x(ct) = x(o- (9) ). 

Let (., K(Af)/K) be the Artin map, then for a monic irreducible element Q of A 
prime to / : 

(Q,K(Af)/K) | K( 9 )(A o) g)) = (Q(e q ),K^(\\% g) )/K^). 

Observe that: 

M1.X) = E E x((a.A-(A r )/JO) 

n>0aGj4+ |n ,a^0 (mod P),a prime to / 

Therefore Lp(l,x) ^ 0 implies that Lp\ 1,%) ^ 0, where : 


4 9) (i,x) = E 


E 


X ((b : K^(A { f % q) )/K^)) 


n —° beA^ n ,b^0 (mod P(0i)),b prime to/(S«) 


But : 

Thus : 


4 ) (i,x) = (M I,x°)) q - 


Lp(l,X q ) 7^ 0. 

Now, we turn to the case where x is odd of type n > q. Again, by Proposition 
13.81 we get : 

n M ^ ^ °‘ 

Since x is n °t of type 1, by formula (fl3l) . iir*j (1) is not a torsion point, in particular: 

i°gc,p( u [x] (!)) ± °- 
Now by the proof of Theorem l4.2l 

l°gc,p( u [xj(!)) = E ~ ^p-)~ lL p\ l ^)9^)- 




We can conclude as in the even case. It remains to treat the case n = 1. Observe 
that A® is not a torsion point for the Carlitz module. Furthermore by Proposition 
ECU we have : 

1 og C ,p( A /) = E ^“V’WX 1 “ ^p-)~ lL p\ l ^)9W- 

-0e[x] 
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Again, we can conclude as in the even case. This achieves the proof of Theorem 

rm 


4.3. The class module of the Pth cyclotomic function field. 

Let P be a monic irreducible element in A of degree d. Recall that A p = 
exp c (p). Let L = K(Xp) 7 recall that L/K is a finite abelian extension of degree 
q d — 1 which is unramified outside P and oo ([35], Proposition 12.7). Let’s set A = 
A p = Gal(L/K). Let Ol be the integral closure of Am L, one can show that Ol = 
A[Ap] ([25], Proposition 12.9) and that POl = A c, p ~ 1 Ol ([23, Proposition 12.7). 
Recall that Taelman’s class module associated to L/K and the Carlitz module is 
defined by: 

H = H(C/O l ) = L °° 

O l +exp c (Loo) 

where L = L Koo- We observe that H is a finite A[A]-module. 

Let Ap be the P-adic completion of A, and set: 

X = H Ap. 

Then A is a finite Ap[A]-module. For y G A := Hom(A, Ap), we set: 

X( X ) = e x X, 

where e x =-±. x(^ _1 £ F,-[ A ]- 

If y is an even Dirichlet character, then by [7], Theorem 9.12, we have: 

Lp(1,x)A(x) = {0}. 

Furthermore, by 0, Theorem 1, and m (see also 0), if the character y is odd 
and vp(Lp\ l, y)) = 0, then A(y) is a cyclic Ap-module. In fact, we have: 


Theorem 4.3. If y is an odd Dirichlet character of prime conductor P, then 
Lp\l, x)X(y) is a cyclic Ap-module. 


Proof. 

If y is of type 1, by 0, Theorem 8.7, we have that X(y) = {0}. Thus we can 
assume that y is of type n > q, n = 1 (mod q — 1). Let iji ,..., r] n G F g d such that: 


Va G A, x(a) = a(r/ 1 ) • • • a(r/ n ). 

Set exp^ = ^>1 As in Corollary 13.51 combining the isomorphism of 

A[A]-modules given by Proposition 12.61 with the evaluation at z = 1 we obtain a 
morphism of A[A]-modules induced by exp [! 1 : 


(16) 


U(C/O l ) 
Ust(C/0 L ) 


-> H{C/Ol). 


We will first investigate [ey x \Coker iP\a[A]- 


We will intensively use the results obtained in section 13.3.31 Let be the 
canonical deformation of the Carlitz module over T^AToo) (see section ITTTTT1) . Let 
ev x : ^(ifoo) -4 Fg(r7i,... ,?7„)((^)) be the surjective map given by ev x (f) = 
f Iii — r}i,...,t n =T} n • Set. 


II — Loo Fg (771,..., r ] n ). 
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Let <T = r(g>l:f2—Then: 

e x ° = ■ ■ ■, Vn )((^))■ 

Then, by formula m, we get: 

V/ G T n (K 0 o), (a + 0)(g(x)ev x (f)) = g(x)ev x (ipe(f))- 
Mf G TV^LToo), exp C cr (g((x)eti x (/)) = ff(x)eu x (exp ¥ ,(/)), 

where: 

ex p^ = E^- 

j>0 3 

Now, by Theorem 12.131 we have: 

e x U S t(C/0 L ) 0 F , F,(t/i, = A [ 171 , ..., i? n ]g(x)L(l, y), 

where L(l,y) = EaeA + ^ e F,(ryi,..., r?„)((|)) x . Thus: 

e x U St (C/0 L ) Of, F,(» 7 i,.. ., r] n ) = g(x)ev x (U St ((p/A[t 1 ,.. .,*„])). 

Select i; a place of L above oo, and let n v = (0,..., O, n, 0,..., 0) G Loo = 
rU s L w which has zero at all its components except at the component v. 
Let’s set: 

tt x = e x 7r„ G e x fb 

Then by [7], Proposition 8.4, we have: 

Ker(exp c | 6 x n) = n x A[i^,. 

Since x is odd and of type > 1, we deduce that: 


e x U(C/0 L ) Of, F,(r?i, ...,r] n ) = n x A[rji,.. 

Since ev x (M(t x ,... ,t n )) = [e x H{C/0 L ) Of, F g (r?i,.. ■ ,Vn)\A[m,...,y n ] (0. Corollary 
9.3), by Lemma [3~i1 and [7], Theorem A, Theorem B and Proposition 8.5, we get: 

e x U(C/0 L ) Of, F 9 (i?i, ..., g n ) = g(x)ev x (U((p/A[t 1 , t„])). 



As in the case of section [3.3.31 expj .!\ induces a map: 

e x n 

g(xW g(xW' 

where 

J\f={xG F 9 (?7 1 ,...,?7„)((i)),t; 00 (a;) > -— 

0 q — 1 

(note that e x fl = TTA[r/i, ..., r) n \®g(x) A/"). Now, using e%, the proof of Proposition 
13.141 works in this case and the above map is injective. 

Observe that: 


ex Pc,<r( e x ^) = g(xW, 
e x n = ™X A lV-h g(xW■ 
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Set V = {x £ e x n,expc\(x) £ g(x)A[r]i,... ,r] n ] + g(x)Af}- Then, we have an 


injective map induced by exp[! ^ : 


v ^ g(x)A [ni, • ■ ■, Vn] ® g{xW 


g(xW g(xW 

Note that the map ?/’ defined in flT6l> induces a map of A[r]i ,..., 77„]-modules: 


U(C/Ol) 

*I>X ■ e x 77T"TT'oTTTT ^^9 ■ ■ ■ iVn) 


e x Q 


U S t{C/0 L ) ^*1 ~ qv,L '‘ " '" ll ' g(x)A[i] 1 ,...,r] n \® g(x)Af' 

If we consider the proof of Theorem 13.171 there exists a monic polynomial G £ 
A[tji, ..., r ] n ] such that: 

e x U St (C/0 L )® F q (rn,...,T) n ) C GTr x A[r)i ,..., ??„], 
Gn x A[ m ,..., Vn ] 

X e x U S t{C/0 L ) F g (r;i,..., rj n ) ’ 

Gtt x A[r]i ,...,r] n \ + g(x) N = V. 

Let e x A"l = g{x)e.v x (M(g> / A\t \,..., i n ])). Then we have a natural injective map of 
A[rj i,..., r^J-modules (induced by exp^ CT ): 

_ Gn x A[g i,. •., r) n ] 0 g{xW _ c _ > g{x)A[m, ■ ■ ■ ,Vn] 0 g(xW 

e x U St {C/0 L ) F 9 (? ? i, ..., r) n ) ® g(x)N 


e x M ® 

?g(xW 

g(x)A[m 

5 • • • 5 Vn\ 


thus: 


e x M 


Ker ip x c —^ 


g(x)A[r/i,...,r/ n 

e x M 


Let M be the kl[A]-module via C generated by u^j(l) (see section fOl) and let 
sfM = {a: £ Ol, 3a £ A \ {0}, C a (x) £ A4}. Let’s consider the map induced by if) : 

, U(C/O l ) , TTt „,„ , 

^[x] ■ e [x\ Ust (c/0 L ) e M H ( C /° L ^ 

Then, by the above discussion, we have an injective morphism of A[A]-modules: 

e lx]°L 


Ker c —> 


M 


But Ker^[ x ] is a finite Al-module, therefore we have an injective morphism of A[A]- 
modules: 

Ker ^W ^ ~J4~- 

Note that M. is a free A-module of rank | [y] | . Thus, by :S2], is a finite 
A[A]-module. By Corollarv l2.121 we have: 

[%I cS^) U[A] = 


Thus: 


[Ker iP[ x ]]a[A] = [Coker V>[ x] ]a[A]- 
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Since ) * s -4[A]-cyclic, we have [Ker ^[ x ]]a[a ] e [x]H{C/O l) is A[A]-cyclic. 

But [Ker^)[ x ]]a[a] divides [^xp]A[ a] i n -4[A], thus we deduce that the module 
[-^ 7 ? ]a[A]£[ x ]H{C/Ol ) is A[A]-cyclic. This in particular implies that : 

(FittA P e x (^^ ®a A P ))X(x) is Ap—cyclic, 
where for M a finite Ap-module, Fitt a p M denotes its Fitting ideal. 


Let F be the P-adic completion of L. Let Of be the valuation ring of F and let 
fp = {a: £ F, vp(x ) > 0}. Recall from section HPT! that C extends into a morphism of 
F g -algebras C : Ap —> Ap{{r}}. We denote by C(f. P) the F g -vector space ip viewed 
as an Ap-module via C. Then log c >p induces an isomorphism of Ap[A]-modules: 

logc.p : C{\ P 2 ) ~ <p 2 . 

We also observe that, since x is °dd of type > 1, g(x q3 )Ap = e^ q j Op C tp 2 for all 
j > 0 (this follows for example from [29], Theorem III). In particular: 

M, VM C O^ 2 ). 

Let M be the P-adic closure of M in C( < p 2 ). Then clearly M is the Ap[A]-module 
generated by u^j(l). Now, by Proposition 14.21 we have: 

loz c ,p(e x M) = g(x)L i p\l,x)A P . 

By Theorem 14. II we have an isomorphism of Ap-modules: 

e x (M A P ) ~ e x M. 


Furthermore: 


FittAp==-^ = Lp\l,x)Ap. 


e %M 


Let VM be the P-adic closure of \[AA in C(fp 2 ). Then, we have an isomorphism 
of Ap-modules: 

,VM 


Thus: 


Lp\l,x)Ap C FittA P e x (A^- ®a A p ). 


..... . . Vm 


.Vm 


The Theorem follows. 


□ 


Remark 4.4. Let P be a monic irreducible element in A of degree d. Note that, in 
general, for x odd of conductor P, we have: 

4 1) (l,x)X(x)^{ 0}. 

Indeed, let xp be the P-adic Teichmiiller character (observe that this is a Dirichlet 
character of type 1 ), i. e. : 

Va £ A, X'p(a) = a (mod PAp). 

Let n £ {2,..., q d — 2}, n = 1 (mod q — 1). Then, by [28], we have: 

X(xp) 7 ^ {0} if and only if BC(q d — n) = 0 (mod P), 
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where BC(q d — n) denotes the (q d — n)th Bernoulli-Carlitz number (see [13] . para¬ 
graph 9.2). Let (3{n — 1) be the (n — 1 )th Bernoulli-Goss number (see p~4] . 16], 
(1E\ ). then: 

Lp\l,Xp) = P{n~ 1) (mod P). 

For example, for q = 3, P = 9 3 — 9 — 1, we have (by [T3], page 354): 


BC( 10) 


2 d 6 + 29 4 + 2d 2 + 1 
9 3 + 29 


(mod P), 


and a direct computation shows: 

£(16) = 9 30 + 29 28 + 2d 4 + 9 2 + 1 = 1 (mod P). 


This implies: 

Lp\l,Xp)X{Xp) 7 ^ { 0 }- 
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